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1 Introduction

1.1 Basic Concepts in Bayesian Statistics

There are two basic inferences:

e MLE:

OMLE — argmax £(#) = argmaxlog L£(6)
€@ €@

where OMLE ig a statistics (i.e., a random variable), while the true parameter Oy is a
p

constant.

* Bayesian approach:

_ rylo)p(o)
PO = Tty 10)p(0)d0

where p(6|y) is a (conditional) distribution.
Then let’s recall the Bayesian rules:
¢ For events A and B:

P(B|A)P(A)

P(AJB) = =P

e For random variables X and Y,

_ Prix(y[x)px(x)
py(y)

pxy(x|y)

In Bayesian statistics, parameters are also considered as random variables. Suppose that

the econometrician observes data y from some sample Y € IR". The purpose of Bayesian



analysis is to use the data y to update the prior belief of 6.

_ prlyl®)p(0)
p(0ly) = T

Here p(0|y) is called posterior distribution. And p(y) is called marginal likelihood or
normalizing constant. p(6) is called prior distribution. In addition, we define the hyper
parameters as coefficients that parameterize the prior and posterior distributions but
do not directly affect the likelihood. We denote Ag as the prior hyper-parameters and
A1 = A1(y, Ag) as the posterior hyper-parameters. Then the prior is p(6; Ag), the posterior

1S
p(Oly; A1) = p(0ly; Ao)

and the marginal likelihood is

p(y; Ao, A1) = p(y; Ao)

Definition 1. In Bayesian statistics, the kernel of a PDF is the form of the PDF in which factors

that are not functions of any of the model parameters are omitted, p «< K

Take normal distribution as an example. Say, Y|u,0? ~ N(u,0?). Then the (exact)
likelihood of the sample would be

1 (y—n)
2\ 2
p(ylu,o°) = e
2702
If 02 is known, then
(y—n)? yi_ 2

p(ylp) e 27 xed? 272

If p is known, then
(y=p)?

1
p(y|o?) o ﬁe o>

Note that posterior can be also written as

p(yl0)p(0)
[ p(yl6)p(0)de

Here actually we can ignore p(y) since it does not contain any information about true

p(Oly) =

parameter 6. Thus

pOly) o« p(y|6) p(6)
S—— S—— =~
posterior  likelihood prior



1.2 Some Examples

* Binomial with uniform prior: Suppose that Y ~ B(#,0). Then

plo) = (M)e -0y, 0<y<myen
If we have uniform prior on 6, i.e. 6 ~ U([0,1]), then

p(0ly) = p(y|0)p(0) = 6¥(1—0)""Y

This is the posterior kernel. And it corresponds to Beta(y +1,n —y + 1) distribu-
tion. Then how can we find marginal likelihood p(y)? The first way is through

=/pme

integration:

n+1> .
_/ I'(y+1)r n—y+1)0y(1_6) 7d6
[(n+1)

(y+1)I"(n—y+1)B(y+1’n_y+1)
(n+1)

I(n+2)

1

n+1

where B(p, q) is Beta function, and

I'(p)L(q)

B0 =T 1)

The other way is to use normalizing constant method. Omitted (you have to recog-

nize the kernel is Beta distribution).

¢ Binomial with Beta prior: Similar setting, but this time, the prior of 8 is B(ag, Bo).
p g P
Then
p(0ly) o< p(y|0)p(6) o ¥ 01 (1 — g)n-yHho-l

Hence the posterior should be B(y + ag,n —y + Bo)

1.3 Model Comparison

A model is defined by a likelihood function and a prior. Suppose that we have m
models, M; fori = 1,--- ,m. They are all going to explain y. And model M, depends



upon parameters 6'. The posterior for the parameters 6’ calculated using model M; is

p(yl0’, Mi)p(6'| M)

0'ly, M;) =
PO M0 =2 )
The posterior model probability is
ply|Mi)p(M;)
Mily) =
p(Mily) ()

where p(M;) is the prior model probability, which measures how likely we believe M;
to be correct model before seeing the data. p(y|.M;) is the marginal likelihood, which is
calculated using

pIM) = [ plyle’, Mi)p(e'|M;)de

The posterior odds ratio is defined as:

PO, — PMily) _ p(y|Mi)  p(M))
7 pr(Mijly) P(}/|Mjl p(M;)

Bayes Factor prior odd ratio

How to present the posterior distribution if there is no closed form solution? Con-
sider the following example: Binomial likelihood with truncated normal prior: 6 ~
pTN(O,l,O,l) (9),0 S 0 S 1. That is

0= g7 o0 (-5) e (-5)

The posterior kernel is
2
plély) o 0/(1 6" Vexp (- )

According to the Bayes’ rule, one can derive that

p(6ly) = U@ (10" Vexp(-%)
S plO)p(0)dd  [ev(1— )1V exp(—%)do

Thus, the posterior mean is

3 V(1 — Qv _e
Eldly) = [ oplolyar = [ TU O TOPE) g
[out1(1—0)"Yexp(—5&)do




1.4 Monte Carlo Integration

We would like to evaluate the following integral:

O] = [ g(®)p(ely)d
Law of Large number can help us to achieve that.

1. Generate S i.i.d random draws {y)}5_, from py(y), where each y*) = Y,(w) is a
realization of Y5 ~ py(y) ii.d

2. Calculate

2 Single-parameter models

2.1 Conjugate Prior

Definition 2. A prior distribution p(0) € F is said to be conjugate for a likelihood function
p(y|0) if the posterior distribution p(6|y) € F.

Definition 3. A conjugate prior that has the same functional form as the likelihood function

regarded as a function of 6.

2.2 Some Examples

* Exponential-Gamma system: Suppose that Y;|6 ~ Exp(6), then the likelihood is
given by

p(y|0) H()exp —0y;) = 0" exp(—nijn0)

The conjugate prior is Gamma distribution: 6 ~ Gamma(wag,1/Bo), i-e

X0

p(6) = {00 exp(—pof) o 6 exp(—fod)
The kernel of the posterior is given by
p(Bly) o< 00~ exp(—(Bo + n7n)6)

which is Gamma(a1,1/81) distribution.

5



2.3 Exponential Family

Definition 4 (Exponential Family). A PDF p(y|6) where 6 € R is said to belong to the
one-parameter exponential family if it has form

p(y10) = c(0)h(y) exp (¢(0)t(y)) = h(y) exp (¢(6)t(y) — x(6))

for some functions h(y),¢(0),x(0) = —logc(0) and t(y). If the support of Y is independent of
0, then the family is said to be reqular and otherwise it is irreqular.

Here are some examples

¢ Exponential distribution:
p(y]0) = Oexp(—0y)L;y~0

Then ¢(0) = —6, t(y) =y, k(6) = —log¥0, h(y) = Liy>0)-
¢ Poisson distribution:

0y _q
p(yl6) = ¢ Liyez
Then ¢(6) = log 6, t(y) =y, k(6) = 6, h(y) = ez,
¢ Uniform distribution
* Cauchy distribution
¢ Normal distribution with unknown mean
¢ Normal distribution with unknown variance

e What about normal distribution with unknown mean and variance? See next sec-

tion.

Theorem 1. Any exponential family population has a conjugate prior, with kernel

p(8) o exp(bod(8) — aox(6)) (1)
Proof. The posterior is given by
p(8ly) o p(y|6)p(6) o Hh ) exp (¢(0)E(yi) —x(8)) exp(bod(8) — aox(6))
o exp { <bo + ; t(%‘)) ¢(6) — (a0 + n)K(G)} = exp(b19p(6) — mx(9))
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where by = by + Y./ ; t(y;) and a3 = ap + n. H

2.4 Normal Distribution

Normal Mean with Known Variance

First, let us consider normal distribution with known variance, and the mean , is
the parameter that we are interested in. Let 6 = y, then

1 _ =02 1 V2 o o2
e 202 = e 202602 202

2702 2702

p(y|0) =

Then ) ,
0 0 1 _v
WO = 3t =y K0) =50 M) = s

By the previous theorem, we know that the conjugate prior would be

2
p(0) < exp(bop(0) — apx(6)) = exp (bog — ao%)

One can parameterize this family as

1
0 ~ N(yg,rg) = p(0) x exp (—F(G — y0)2>
T

Suppose that Y;|0 ~ N(8,0?) with ¢? being known. Then the likelihood is given by

n
— 507 | 0% — 2007+ Z%y% +7n —y‘%))
1=



where 7, := 1 ¥ | ;. Then the MLE is given by
oML — 7, ~ N(8,0%/n)

The posterior is given by

_ 2 _i\2
p(6ly) « p(@)p(yle) o exp (—%(“’ )" 8 W))

2
Ty 4 /n

What is this distribution? We need some algebra. (Check the completing the squares
method). It can be written as

1 ((0—=m)* | (ko —7)? R S
p(9|y)o<exp< 2( 2 +T§+02/n o exp 21’12(6 1)

1 nii
= 5 ;A5 = 2 @ ]/n — o _
i /12 +n/o? = (Tg T2 ) Yo+ (1= 7)7n

where

if we define
1/12

= 1/1% +n/o?

Normal Variance with Known Mean

Let 6 = 02, then

1) = exp (<052 cenp (<05 Lo

Hence . ,
- _ )2 _ -
¢(0) = —55 ty)=@y—p) x(0)=7logb

By previous theorem, the kernel of conjugate prior is given by

ag b
p(0) < exp(bop(0) — apx(6)) = exp (—3_09 — %10g9) =07 exp (_%)

This is Inverse Gamma distribution. We can parameterize this family as

0 ~ IG(vp,s3)



Then

p(6) x 6~ FVexp (———

20
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