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Yield Spread

» Definition:
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» Introduce T-forward measure Q7
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P Alternative expression:
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Heston Model

» Firm value
AV, = Vi(rdt + o1/vid B2 + 0,d Z2)
» Short rate
dre = —K2(r, — P)dt + 01\/ved BY
» Volatility process
dv; = —K(vi — W)dt + o,/v,dBZ

> Correlation: dB2dBY = p,dt, dB2dBY = p.dt,
ngdB(% = pndt. Zt@ is independent of other Brownian
motions.
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T-forward Measure

» Under T-forward measure, the log firm value process (x;) has
following dynamic:

1 1
dx; = (rt + (b(t)prola, + pvh(t)oio, — 20%) Ve — 20%) dt
+ o1/ vedBY + 0pd 22
where b(t) and h(t) are functions in the zero-coupon bond
price:

P(t7 T) — ea(t,T)—l—b(t,T)r—i—h(t,T)v

» Short rate:

dre = [~ KQre—T2) + (b(t)02 + prh(£) 0,0, ) veldt+ o /ved BY
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Monotonicity of Short Rate

Re

> Consider two short rate process: ri and 2 with rg‘ >
» Claim: rf > /2 for all t € [0, T].
» Sketch of proof: If there exists tg € (0, T] such that rA rE;

then it r{* will be identical to % onward. By countmmty
argument, this contradicts to rA > rg.
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Firm Value under Q7

» Firm value
T 1
Vr = Vyexp [/ (rt + <b(t)p,01cr,+ pvh(t)or0, — 20%) Ve
0
1 T
_2a§> dt+ 01/ VB2 + 022‘91
0

» V7 is strictly increasing with ro under Q7.

» The yield spread is decreasing with ry since

Ay = _3T|n %__IEQT[min(VT, Al
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CIR Model

» Firm Value:
AV, = rVidt + 01/t Ved BS + 02 V,dBY
» Short Rate:
dre = —K9(ry — 79)dt + 0\/r:d BS

» Correlation: dB?dBS = pdt
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T-forward Measure

» Under Q7, log firm value (x;) follows:
1
dxt = |re + b(t, T)oro,r: — E(U%rt + O'%) dt+01\/7tdB%T+02dB(9T

where b(t, T) is given in the zero-coupon price:
P(t, T) — ea(t,T)-{—b(t,T)rt
» Short Rate:

dre = [~K(r — ) + b(t, T)o?rdt + o, /FdBY
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Coefficient of r;

v

CIR model has been proved that has unique strong solution®.
> The property r{* > 2 when r(f‘ > rg preserves.

v

The coefficient of r in x; is

1
1+ b(t, T)or0, — 50%

» When o is large enough, ry will negatively contribute to x;
hence the yield spread will increase

» When o1 = 0, the yield spread is decreasing with ry.

'Yamada and Watanabe (1971)
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Conclusion

» To establish an increasing relationship between rp and Ag, we
must incorporate ry into the volatility term of V4.
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