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Abstract

This paper studies optimal portfolio choice under the loss aversion utility proposed
in Tversky and Kahneman (1992). The loss aversion utility imposes lower penalty for
large losses than the risk aversion utility functions. As a result, it tends to generate
large risky positions and sometimes unbounded optimal portfolios, especially when asset
returns are highly skewed (either positive or negative). Loss averse investors may hold
assets with a zero risk premium and hold a positive amount of assets with a negative risk
premium. Loss aversion can affect the optimal portfolio only when the reference point
is sufficiently high, a case that is less studied in the literature, and the loss aversion

utility becomes the standard HARA utility when the reference point is low.
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1 Introduction

Prospect theory (Kahneman and Tversky, 1979; Tversky and Kahneman, 1992) is one of the
most influential descriptive theories of decision-making under uncertainty. It has been widely
used to explain different investor behaviors and financial market anomaliesﬂ At the core of
this theory is a utility function that features loss aversion, an observation that people are
more sensitive to losses than to equivalent gains. This utility function is defined over gains
and losses relative to a reference point, and it is concave for gains and convex for losses with
an S shape (“diminishing sensitivity”). These features lead to several difficulties in applying
prospect theory. First, the reference point is difficult to be identified (e.g., Barberis, 2013).
In the literature, different referent points are used to explain different behaviors, and there
is a lack of systematic understanding of their effects. Second, maximization problems under
loss aversion may not be well formulated due to the nonconcavity of the utility function.
The literature usually imposes certain constraints or utility variations to ensure bounded
solutions. However, the optimal choice under the original loss aversion utility function of
Tversky and Kahneman (1992) is largely overlooked.

In this paper, we take the loss aversion utility of Tversky and Kahneman (1992) at face
value without any modification and study its implications for optimal choice. However, we
acknowledge that in real world people face various frictions, and the constraints as imposed
in the literature are important for practical interest. We study a standard static portfolio
choice problem in complete markets, and solve for the optimal portfolios using the Cox and
Huang’s (1989) approach. We provide a comprehensive analysis of the effects of the reference
point and the conditions under which loss aversion leads to bounded optimal portfolios. The

starkly different implications of different reference points provide a systematic understanding

!Benartzi and Thaler (1995) find that loss aversion helps explain the equity premium puzzle due to the
reluctance of agents to invest in stocks. Barberis, Huang and Santos (2001) show that loss aversion produces
excess return volatility and low correlation between stock returns and consumption growth. Gomes (2005)
uses loss aversion to explain the disposition effect and low equity market participation rates. Grinblatt and
Han (2005) find that prospect theory helps understand the momentum effect as investors tend to hold on to
their losing stocks. Barberis and Xiong (2009) find that loss aversion preferences can predict a disposition
effect when the preferences are defined over realized gains and losses rather than over paper gains and losses.
Li and Yang (2013) find that diminishing sensitivity predicts a disposition effect, price momentum, a reduced

return volatility, and a positive return-volume correlation; loss aversion predicts the opposite.



of the loss aversion utility and the reference point and theoretical guidance for choosing and
testing the reference point.

The first set of analyses in this paper is to analytically derive the existence conditions of
the optimal portfolios under loss aversion. We show that there is no bounded optimal solution
for half of the parameter space in which loss aversion is low. With insufficient penalty for
large losses, an investor can achieve arbitrarily large expected utility by increasing terminal
wealth in one state and at the same time decreasing in another under the budget constraint,
leading to unbounded utility. However, there always exist (bounded) optimal solutions for
the other half of the parameter space with sufficiently high loss aversion, even though the
investor can be risk seeking. Under budget preserving, large gain in one state must be
associated with large losses in other states. High loss aversion ensures that the utility loss in
the latter states surpasses the utility gain in the former state, preventing the expected utility
from approaching infinity.

The above results show that the nonexistence of optimal solution is essentially due to
insufficient loss penalty of the loss aversion utility. In fact, with diminishing sensitivity, the
loss aversion utility function imposes much lower penalty for losses than do risk aversion
utility functions. For example, with the same reference point, the hyperbolic absolute risk
aversion (HARA) utility as studied in Merton (1971) is identical to the loss aversion utility
when wealth is higher than the reference point (gains) but has negative infinite (rather than
finite) utility for losses. A loss averse investor is actually less averse to losses and hence trades
more aggressively than the corresponding risk averse investor.

Furthermore, we show that the minimum value of the loss aversion coefficient above which
optimal solutions exist increases without bound as asset returns are more skewed (either
positive or negative) or as the number of states increases. A highly skewed asset allows the
investor to achieve a high utility gain at certain states (by either longing or shorting the
asset), and large numbers of states under complete markets provide the investor with more
potential opportunities. As a result, in both cases, a high loss aversion is required to ensure
finite expected utility. We find that the optimal portfolio choice problem under incomplete
markets are more likely to have bounded solutions than under complete markets, since the
former allow less investment opportunities. Our results show that a loss aversion parameter

greater than one (investors are more sensitive to losses than to gains), as usually assumed in



the literature, is a necessary but not a sufficient condition for existence of solutions.

Next, we examine the effects of the reference point on the optimal portfolios. We find
that when the optimal solutions exist, their properties depend crucially on the ratio of the
reference point to the investor’s initial wealth level. Hereafter, we simply call this ratio the
reference point since we can normalize initial wealth to one when we study a single-period
model. First, when the reference point is lower than the gross return of the riskless asset
(“the gross riskless rate”), the optimal terminal wealth is greater than the reference point
in all states. In fact, within the risk-averse region, the expected utility has a unique local
maximum, which is also the global maximum. More importantly, we show that a loss averse
investor with such a reference point behaves identically to a standard HARA (risk averse)
investor, since the two utility functions are the same over the gain domain. In this case, she
always longs/shorts a risky asset with a positive/negative risk premium, and the expected
utility is always positive. Furthermore, the optimal portfolio problem under loss aversion can
be transformed into a problem with a reference point of zero by redefining the initial wealth.
Then the above results read that the optimal portfolio under loss aversion is identical to
that in a standard portfolio problem under the CRRA utility with positive (redefined) initial
wealth. These results hold true, regardless of the completeness of the markets.

Reference points lower than the gross riskless rate are commonly studied in the literature.
For example, Tversky and Kahneman (1992) suggest that one candidate for the reference
point is the initial wealth level. In this case, the ratio of the reference point to initial wealth
is one, which is lower than the gross riskless rate. This reference point is used in, e.g.,
Benartzi and Thaler (1995) who study static portfolio choice under loss aversion and use loss
aversion to explain the equity premium puzzle. Our results suggest that the investors studied
in Benartzi and Thaler (1995) are similar to a standard HARA investor.

Second, we study the case when the reference point equals the gross riskless rate, which
is another popular value of reference point used in the asset pricing literature. Unlike this
literature where the loss aversion utility is usually studied under certain portfolio/utility
constraints, we focus on the implications of the loss aversion utility without any constraints
or changes to the functional form. We show that the investor takes infinite positions in
the risky asset, if the asset return is highly skewed or if the investor has low loss aversion.

Otherwise, the investor does not invest in the risky asset, since under loss aversion preferences,



first-order risk aversion (Segal and Spivak, 1990) applies at the reference point, causing the
investor to be reluctant to take on small risks when her wealth is at the reference point.
In the above two cases when the reference point is lower than or equal to the gross riskless
rate, the optimal portfolio (if exists) is not affected by the coefficients of loss aversion and
curvatural sensitivity.

Finally, we look at the case when the reference point is higher than the gross riskless rate.
This case is where loss aversion truly has effects and somehow less studied in the literature.
We find that the optimal portfolios in this case starkly differ from those under the risk
aversion utility functions, and they exhibit significantly different properties under complete
markets and under incomplete markets. When the markets are complete, the optimal wealth
is lower than the reference point in the worst state, against which it is most expensive to
protect, but higher in all the other states. Intuitively, it is not optimal to set wealth below
the reference point in more than two states because the investor would exhibit risk seeking
in the loss domain. As a result, the investor’s wealth tends to be negatively skewed when
she leaves all utility losses in a single stateﬂ The “pain” in this single state dominates the
“pleasure” in all other states, and as a consequence the value function is always negative.
However, when the markets are incomplete, the investor divides all states into two groups,
one with positive excess returns and the other with negative excess returns, and she assigns
positive wealth in all states in one group and negative wealth in all states in the other group.

We further show that in this case when the reference point is higher than the gross
riskless rate, the investor is forced to take large risky positions, either leverage or shorting
the risky asset. As the reference point increases, the investor tends to assign more extremely
positive and negative wealth levels across states, resulting in more dispersed distribution of
optimal wealth. Moreover, the sign of the optimal portfolio weight is not determined by
the risk premium but by the relative levels of pricing kernel across states, which determine
the tradeoff between losses in one state and gains in another. As a result, the investor may

hold assets with a zero risk premium and can long (short) an asset with an arbitrarily low

2The negative skewness of wealth may be helpful for understanding insurance policy. Azevedo and Gottlieb
(2012) show that a risk-neutral firm can extract arbitrarily high expected values from consumers with prospect
theory preferences since such consumers accept gambles with arbitrarily large negative expected values. As
a result, there is no solution to the firm’s problem. If the consumers are subject to wealth constraints, the

firm can extract all the consumers’ wealth with probability approaching one.



(high) risk premium. These results are in sharp contrast with those under the risk aversion
(concave) utility functions.

When the reference point is higher than the gross riskless rate, the expected utility func-
tion is nonconcave. This leads to multiple local maximums for the expected utility function,
each for one partition of states, and the greatest of them are the global maximums. This
further indicates a discontinuity in the parameter space. A small parameter change can cause
a big jump in the optimal portfolio and the value function. This poses great challenges to
the numerical solution methods as usually used in this literature. In addition, there can be
multiple global maximums at the same time; thus, the investor can achieve the same highest
expected utility by either longing or shorting the risky asset.

When the reference point is lower than or equal to the gross riskless rate, the optimal
portfolio exhibits very similar properties under complete markets and incomplete markets.
Although incomplete markets reduce potential investment opportunities, the investor can
assign her wealth at least as the gross riskless rate, which is higher than the reference point,
by holding the riskless asset. As a result, the optimal wealth will not drop in the loss domain
in any state, regardless of the completeness of the markets. However, the optimal portfolio
can be very different under the two types of markets if the reference point is higher than the
gross riskless rate. Incomplete markets allow less opportunities, and as a consequence the
investor may not be able to allocate her wealth to be lower than the reference point only in a
single (the most expensive) state. In the loss aversion literature, both complete markets (e.g.,
Berkelaar, Kouwenberg and Post, 2004; Barberis and Xiong, 2009) and incomplete markets
(e.g., Benartzi and Thaler, 1995; He and Zhou, 2011) have been widely studied.

Diminishing sensitivity, loss aversion, and reference dependence are three major psycho-
logical concepts captured by the loss aversion utility. Diminishing sensitivity in the loss
domain (or the risk seeking behavior) actually leads to lower penalty for large losses than
that imposed by the risk aversion (concave) utility functions. As a result, relative to the cor-
responding risk averse investor, a loss averse investor tends to hold more lottery-like assets
with positively skewed returns. This result complements the literature that finds that due to
the probability weighting that overweighs the tails of outcome distribution, prospect theory
investors desire positive skewness (e.g., Barberis and Huang, 2008). This low loss penalty

also leads to other key differences from the risk aversion utility functions regarding portfolio



implications, such as unbounded optimal portfolios, large risky positions, and insensitivity
of portfolio to risk premium.

However, loss aversion does not drive the above key differences from the risk aversion
utility functions. In fact, most (if not all) risk aversion utility functions, or even risk neutral
utility, imply greater utility losses within the loss domain than the loss aversion utility func-
tion. The loss aversion coefficient has even no impact on the optimal portfolio and wealth
when the reference point is lower than or equal to the gross riskless rateﬂ Regarding refer-
ence dependence, we have shown that the relative level of the reference point and the gross
riskless rate qualitatively determines the properties of the optimal portfolios (if exist). While
loss aversion affects large-scale properties of the optimal portfolio, such as boundedness of
the optimal portfolio, reference dependence determines local properties.

The above results are for the case without constraints (apart from the budget constraint).
When imposing a positive wealth constraint, which is sometimes assumed in the literature,
the optimal solutions always exist; however, they are often given by corner solutions (extreme
solutions). In this case, the constraint is the key determinant of the optimal portfolio. We
find that the optimal wealth can be lower than the reference point in more than one states,
distinctly different from that in the unconstraint case. Furthermore, wealth constraint can
still have effects in the case when the unconstrained choice has bounded optimal solutions.
Imposing constraints can even qualitatively change the optimal strategy. Notably, imposing
wealth constraint redefines the utility function: it sets the utility to be minus infinity for
wealth level beyond the constraint.

The reference point plays an important role in the loss aversion utility. However, the choice
of the reference point is a key challenge in the application of prospect theory as pointed out by

Barberis (2013), and the results on it are mixed in the literature[f] As noted by Baillon et al.

3The loss aversion coefficient can impact the optimal portfolios only when the reference point is higher
than the gross riskless rate. In this case, high loss aversion lowers both the optimal holdings of stocks and

the deviation of the optimal wealth from the reference point, due to the aversion to big losses.
4Kahneman and Tversky (1979) suggest that the reference point is current wealth or expectation levels.

Tversky and Kahneman (1991) argue that the reference point can be affected by aspirations, expectations,
norms, and social comparisons. Koszegi and Rabin (2006) postulate that the reference point is the rational
expectations about future outcomes. In the context of portfolio choice, one reference point is the price at
which the stock was initially purchased, e.g., the dispersion effect (Shefrin and Statman, 1985). Gneezy

(2005) find that participants are most likely to use the historical stock price peak as the reference point.



(2020), “This lack of clarity [of the reference point] is undesirable, because it creates extra
freedom in deriving predictions, making it impossible to rigorously test reference-dependent
theories empirically.” Our analytical results provide a comprehensive understanding of its
effects in the context of portfolio choice. We demonstrate that the coefficients of loss aver-
sion and risk seeking can impact the properties of the optimal portfolios (if exist) only if
the reference point is higher than the gross riskless rate, providing theoretical guidance for
choosing and testing the reference point.

To focus on loss aversion, our paper studies a static model. Our analysis is general: given
a reference point, we analytically solve for the optimal portfolio. In a dynamic setting, the
reference point can be time-varying, and its effects can be more complex. The literature stud-
ies both exogenous and endogenous reference points and usually under portfolio constraints.
Berkelaar, Kouwenberg and Post (2004) consider an exogenous (time-varying) reference point
and solve for the dynamic optimal portfolios under positive wealth constraint.ﬂ Barberis and
Xiong (2009, 2012) and Ingersoll and Jin (2013) study realization utility where an investor
receives a utility burst from realized gains/losss by setting the purchase price of risky assets
as the reference point. They show that realization utility explains the disposition effect. Dai,
Qin and Wang (2024) add to the realization utility literature by relaxing the key and common
assumption of binary stock holdings. Meng and Weng (2018) further show that the key driv-
ing force behind the explanation of the disposition effect using prospect theory is the level
of the reference point, regardless of whether the reference point is updated or not, and that
any reference point that is sufficiently higher than initial wealth can lead to the disposition
effect. Another natural reference point is consumption. For example, Dybvig and Rogers
(2013) study preferences with endogenous references that generalize the recursive utility and
are axiomatically motivated. Choi, Jeon and Koo (2022) study consumption irreversibility

where the previous consumption level is the reference point.

Baucells, Weber and Welfens (2011) show that the reference point of subjects is most heavily influenced by
the purchase and the current stock prices. Baillon, Bleichrodt and Spinu (2020) find that the most common
reference points are the status quo and a security-based level representing the maximum outcome that one

can reach for sure.
5An exogenous reference point is similar to a constant reference point in a static setting. Furthermore,

the loss averse investor with an exogenous reference point will behave like a risk averse investor when the
investment horizon is long, since the utility at low wealth levels is not important when the investor adheres

to the expanding market, as predicted by portfolio turnpike theorems (e.g., Dybvig, Rogers and Back, 1999).



The loss aversion utility function is not concave. This leads the maximization problem to
be rather delicate. To ensure that the optimal portfolios are bounded under loss aversion, the
literature usually either imposes certain portfolio constraints, such as short-sales constraints
(Ait-Sahalia and Brandt, 2001), a nonnegativity of wealth constraint (Berkelaar et al., 2004;
Barberis and Xiong, 2009), binary stock holdings (Li and Yang, 2013), and maximum toler-
able loss (similar to a wealth constraint) (Ingersoll, 2016), or introduces different restrictions
or variations to the S-shaped utility function. For example, Gomes (2005) imposes concavity
when wealth is low. Barberis et al. (2001) consider that investors’ utility function consists of
a standard risk aversion utility component, in addition to the loss aversion utility function.
Ingersoll (2016) imposes extreme-risk avoidance. However, few papers explicitly examine
the conditions for the existence of optimal solutions. These conditions are important since
they help understand under what market conditions/restrictions loss aversion is applicable to
studying the behavior of investors and asset prices. Our paper adds to this literature by ana-
lytically deriving the solution existence conditions without either constraints or modifications
of utility function.

He and Zhou (2011) is amongst the few studies that analytically examine the existence
of optimal solutions under prospect theory. They demonstrate that a prospect theory model
with general functional forms of utility and probability weighting, which include that pro-
posed in Tversky and Kahneman (1992) and following variations, is “easily ill-posed” (in
the sense of no bounded optimal solution). Our paper has two major differences from He
and Zhou (2011). While He and Zhou (2011) study a single risky asset, our paper gener-
ally studies multiple assets. In discrete time with more than two states, complete markets
require more than two assets. In addition to the existence of solutions, He and Zhou (2011)
explicitly solve for the optimal portfolio for the case with the reference point only being the
gross riskless rate. Our results on the optimal portfolio apply to any reference point.

In addition to loss aversion, the literature also exploits other deviations from expected
utility theory, such as disappointment aversion (Gul, 1991). Disappointment aversion gener-
ally implies aversion to losses and has an endogenous reference point. While prospect theory
has no axiomatic basis, disappointment aversion is grounded in axioms. Different from loss
aversion, with which the risk aversion is first-order only at the reference point, the risk aver-

sion is first-order at every level with disappointment aversion preferences. As a result, a



disappointment averse investor holds no equity in a non-participation region, instead of a
single point, as shown in Ang, Bekaert and Liu (2005).

The paper is organized as follows. Section [2| discusses the loss aversion preferences and
the optimization problem. Sections [3|studies portfolio choice under loss aversion in complete
markets with two states, and Section |4 studies extensions, e.g., with multiple states and in

incomplete markets. Section [5| concludes. Calculation details are included in the appendices.

2 The Setup

2.1 The Portfolio Problem

We study a standard static optimal portfolio selection problem for an investor who has loss
aversion preferences that will be specified shortly in Section[2.2] The investment opportunity
set of the investor with an initial wealth wg contains N + 1 assets, including N risky assets
and 1 riskless asset. Denote by R and r the gross returns of the risky assets and the riskless
asset, respectively. The optimization problem for the investor is given by

max E[U(w)], (1)

x

subject to the budget constraint w = wer + «’(R — r1), where x is a vector of the values
of the investor’s holdings of the risky assets, U(:) is the loss aversion utility function that
will be specified shortly in , and w is the investor’s terminal wealth at the end of the
period. This paper focuses on the optimization problem without wealth constraints. We
also study the case with wealth constraints in Section [3.4] The loss aversion utility generally
allows any wealth levels, and accordingly, our results developed in this paper also hold for

any initial wealth wy.

2.2 Loss Aversion

The utility function in cumulative prospect theory of Tversky and Kahneman (1992) is defined

over gains and losses relative to a reference point 6:

——(w — )+ if w > 6,
Uw)=q" " (2)
—A =0 —w)'- ifw <,
Y—

10



Loss Gain

U(w)

w—0

Figure 1: This figure illustrates the S-shaped utility function. Here, A = 2 and v, = 0.5.

where w is the investor’s wealth, 6 is the reference point, v+ € [0, 1) controls the curvatureﬁ
and A > 0 determines the degree of loss aversion. With a single period, as in Tversky and
Kahneman (1992), the reference point 6 is a constant. The utility function U(w) is increasing
and is concave for w > 6 and convex for w < 6, as illustrated in Figure [I}

Under loss aversion ({2)), first-order risk aversion (Segal and Spivak, 1990) (for large A) or
first-order risk seeking (for small A) applies at the reference point 6. For the other points,
second-order risk aversion (w > ) or risk seeking (w < 6) applies. As a result, an investor
with loss aversion is reluctant to take on small risks when her wealth is close to the reference
point A, but always accepts a gamble with a positive mean when her wealth is above 6. This
is different from Knightian uncertainty and disappointment aversion (Gul, 1991), with which
the risk aversion is first-order at every level.

When v, = v_, which is estimated by Tversky and Kahneman (1992) and widely assumed
in the portfolio choice and asset pricing literature, the utility becomes

—(w—0)" if w > 0;

Uw)=q " (3)
—AL (O —-w) fw<d.

1—y

6Tf v+ > 1, the utility approaches minus infinity when w approaches @ from above, and hence the utility

function is not increasing.
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In this paper, we focus mainly on this case. We also study 74+ # v in Section 3.5
Cumulative prospect theory of Tversky and Kahneman (1992) incorporates two comple-
mentary components: an S-shaped loss aversion utility function as discussed above and a
probability weighting function. In this paper, we focus mainly on the effects of the S-shaped
utility function by assuming the investor’s subjective probability measure is the same as the

physical measure. We will discuss the impacts of probability weighting in Appendix [B]

2.2.1 Comparison with HARA Utility

Merton (1971) studies the optimal portfolio and consumption choice problem under utility
functions in the hyperbolic absolute risk aversion (HARA) family. The HARA family is given
by U(w) = ﬁ(%" + 1), When 0 < v < 1 as in the loss aversion utility function, the
HARA utility can be written as

A (w—0)17,  for w > 6;
Uw)=4¢ " (4)

—00, for w < 0,

where A = 37797 > 0 and 0 = —%, to ensure uniform concavity.

Equation shows that with a “reference point” 6, the HARA (risk aversion) utility has
a positive and finite utility gain in the “gain domain” (i.e., w > ) and a utility loss of minus
infinity in the “loss domain” (i.e., w < ). Therefore, a HARA investor is more sensitive
to losses than to equivalent gains, suggesting that like the loss aversion utility, the HARA
utility also features loss aversion.

Furthermore, by letting 5 = fyﬁ, the HARA utility is identical to the loss aversion
utility for w > 0. However, the two utility functions are different when wealth lower than
the reference point w < 8. When w < 6, the loss aversion utility function leads to a low
but finite utility, and the HARA utility function leads to a minus infinity utility. As a

result, a loss averse investor is less averse to losses and hence tends to trade more aggressively

than the corresponding HARA investor [

"The HARA utility function becomes the exponential utility function in the limiting case ¥ = —oo and
7 = 1. Due to diminishing sensitivity, the loss aversion utility function also has lighter penalty for large losses
than the exponential utility function. However, the exponential utility has no reference point and may not

be directly comparable with the loss aversion utility.
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The identical utility of the two utility functions in the gain domain further leads to the

following results on the optimal portfolio.

Proposition 1. Assume that the markets are complete and that the portfolio problem under
loss aversion has bounded solutions (conditions given by Proposition @)

When the reference point is lower than or equal to initial wealth multiplied by the gross
riskless rate 0 < wqgr, the optimization problem under the loss aversion utility 18
identical to that under the HARA utility .

Proposition [1|shows that when the reference point is sufficiently low, the optimal portfolio
under loss aversion is identical to that under the standard HARA utility as studied in Merton
(1971). In fact, the portfolio problem under the HARA utility (4)) with initial wealth wq can be
transformed into a standard problem under a CRRA utility with initial wealth @y = wo—r"16.
With positive initial wealth for the latter problem (i.e., wg > 0 or 8 < wyr), the optimal
wealth is always in the “gain domain” (w* > 0); here we consider zero as a reference point
for the CRRA utility. This means that the optimal wealth for the original HARA utility
problem is always higher than the reference point w* > #. In this case, the loss aversion
utility is identical to the HARA utility and hence leads to the same optimal portfolio.

Low reference points are commonly studied in the literature. For example, one popular
reference point is the initial wealth level, which is suggested in Tversky and Kahneman (1992)
and used in, e.g., Benartzi and Thaler (1995). In this case, the ratio of the reference point
to initial wealth is one, which is lower than the gross riskless rate (0 < wqr).

The results in Proposition (1| may remain valid under incomplete markets. For example,
we show in Section [4.1] that these results can hold true in a simple case of incomplete markets

with three states.

3 Binomial Model

To provide clear economic insights, in this section we study a binomial model under complete
markets. There are two assets: a riskless asset with a constant gross return r and a risky
asset. The gross return R of the risky asset is either u, with probability p, or d (< u), with

probability 1 — p. We choose d < r < u to guarantee no arbitrage.

13



In the remainder of this section, we first solve for the optimal wealth and then resolve the
optimal trading strategy by using the martingale approach (Cox and Huang, 1989). With
two assets and two states, the markets are complete. There exist unique strictly positive state

prices. The state prices for state u and d are given, respectively, by p€, and (1 — p)&,, where

the pricing kernel ¢ satisfies &, = p(:;%ill)r and &; = O—];;(;ur—d)r' As a result, the optimization
problem can be rewritten in terms of state prices:
max pU(w,) + (1 = p)U(wa), (5)
subject to the budget constraint
p&uwy + (1 = p)awa = wo, (6)

where w, and wy are the investor’s portfolio wealth in states u and d, respectively.

3.1 Existence of Bounded Optimal Solutions

Using the budget constraint @, we express wy in terms of w,: wy = w?l__p—]fg“. This allows
us to rewrite the expected utility function EU in terms of w,,:
Wo — pguwu
BU(w,) = pU(w,) + (1 = p)U (=202, (7)
(1 —p)éa

The following lemma states the asymptotic behavior of the expected utility .

Lemma 1. (Asymptotic behavior.) When w, — +00, the EU satisfies

—p/) \&
BU= {0, i A= ()(8)7 ®)
a1~
\—oo, if A>(ﬁ)7(§—u) K

) \g
. _ A1
EU — <0, if A= (%)V(E—d) 7. (9)
\—oo, if  A> (%)W(é)l_W

14



Both and @ show that the expected utility can be unbounded from above if loss
aversion A is sufficiently low. In this case, the low loss aversion leads to insufficient penalty
for extremely negative wealth. As a result, the investor can achieve arbitrarily large expected
utility by assigning her terminal wealth to be positive infinity in one state and negative infinity
in the other under the budget constraint. This is different from standard expected utility
functions that are uniformly concave. The expected utility functions impose sufficiently heavy
penalty for strongly low level of wealth, while the utility gains in good states are relatively
smaller, preventing the EU from approaching positive infinity.

To have a well-posed problem , the EU should be bounded from above. Lemma

leads to the following conditions of the existence of optimal solutions.

Proposition 2. (Ezistence of solutions.) Define
B p o\ (&\ L—p\7 &\
a=m{ (7)) () (50} (10
1. When A > A, the optimization problem has bounded solutions.

2. When A < A, the optimization problem does not have bounded solutions.

3. When A = A, the optimization problem has bounded solutions for @ < wyr and does

not have bounded solutions for 6 > wqr.

Proposition [2| shows that there is a lower bound A for the loss aversion parameter A,
below which the optimal portfolio choice problem has no solution. This is essentially

because the penalty of loss is too light. Consider a budget preserving change

A —A
2= (e mam)

It says that if the investor wants to increase wealth in, e.g., state u by % , she has to give up

(11)

ﬁ in state d. When A < A, the utility gain in one state (state u) is always higher than
the utility loss in the other state (state d). As a result, the investor can always increase her
expected utility without bound by assigning more wealth in the first state and at the same
time less wealth in the second state, leading to infinite expected utility.

Proposition [2 further shows that there always exist optimal solutions for A > A. With
a high level of loss aversion A, the utility gain when wealth exceeds the reference point is

lower than the utility loss when wealth is lower than the reference point by the same amount.
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This renders extreme assignment of wealth suboptimal. The above results therefore suggest
that the driver of the nonexistence of optimum is insufficient loss penalty rather than risk
seeking preferences. With sufficient penalty on losses (large loss aversion A), there always
exist global optimum even under risk seeking.

Most papers generally require that loss aversion A is great than 1 (investors are more
sensitive to losses than to equivalent gains), which is consistent with the estimate in Tversky
and Kahneman (1992). Condition shows that this condition appears to be a necessary
condition for existence of solutions. It is not sufficient to guarantee interior solutions, de-
pending on the market parameters p, &,, and &4, as well as utility parameter v. Figure
plots the lower bound A against p (the left panel) and against pricing kernel ratio &,/&, (the
right panel). It shows that A is low when asset return distribution is symmetric. When the
probability is close to zero (positively skewed return) or 1 (negatively skewed return)ﬁ or the
pricing kernel ratio is close to zero, the lower bound A approaches infinity, and it is unlikely
to have bounded optimal solutions. Intuitively, an asset with highly skewed returns (either
left or right) allows the investor to achieve a high utility gain at certain states (by either
shorting or longing the asset); thus, a high loss aversion is required to ensure finite expected

utility.

3.2 Optimal Wealth

We have derived the conditions under which the optimal solutions exist. Now we study the
optimal portfolio under these conditions. We first study the case A > A and then describe
the extreme case A = A at the end of Section 3.3 The following proposition describes the

results of the optimal wealth.
Proposition 3. (Optimal wealth and value function.) Suppose A > A.

1. When 6 < wqr, the optimal wealth in the two states is given by

wy— 0= (wo—r70) [p& " +(1-p) 7| &7 >0,
1

1—-1 1—19-1 _1 (12>
wh — 0 = (wo —7”19) [pﬁu "+ (1 -p), ”} &, >0,

_ _ 1_l 1—l
and the value function is given by J = %[pﬁu T+ (1-p)¢,; ).

8Return skewness is p(1 — p)(1 — Qp)(“T_d)?’, which is positive for p < 0.5 and negative for p > 0.5.
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Figure 2: The left panel plots the lower bound A against probability p, and the right panel
plots A against the pricing kernel ratio §,/&; (we assume &, < &; without loss of generality).
Here, v = 0.5, £, = 1 and &; = 1.5 for the left panel and v = 0.5 and p = 0.5 for the right

panel.

2. When 0 = wqr, the optimal wealth in the two states is given by

wy =wy =0, (13)

u

and the value function is given by J = 0.

3. When 6 > wqr, the EU has two local mazximums, and the global mazimum is the greater
of them. Specifically, one local mazimum occurs for wg < 0 < w,, at which the portfolio

wealth is given by

1 L1 17-1 _1
wy— 0= (r0—wo) [~ p& T+ (1-p)ATE 7| &7 >0, "
_1 1 _19-1 4 _1

0—w) = (fr’l@ — 'lU(]) [ —p&i T4+ (1 —p)A?gi ”} AYE, T >0,

and the EU is given by EU, = —%[—pﬁiiq +(1 —p)A%fdP;]V; another local

maximum occurs for w, < 08 < wg, at which the wealth is given by

_1 1

0w = (0 —wo) [pASE T~ (1 -p)e 7] ATET >0, -
11 _19-1 _1
wi =0 = (0 —wo) [pAieT - (1-p) 7] & >0,
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. . 7-_1 —w 1—v 1 17% 17%
and the EU is given by EU_ = —%[p/}vfu —(1=p), .

Although the reference point # does not affect the existence of solutions in Proposition
, it significantly affects the properties of optimal portfolio (if exists). Proposition [3| shows
that the properties of the optimal solution depend crucially on the relative level of the initial
wealth wy to the reference point discounted by the gross riskless rate r~'6. The optimal
portfolio problem under loss aversion can be transformed into a problem with a reference
point of zero by redefining the initial wealth as @y = wy — 7710 (Appendix . Then
Proposition [3| reads that the optimal portfolio for this transformed problem exhibits starkly
different properties when the sign of the initial wealth wy is different.

We first consider the case 8 < wgr. Because the gross riskless rate is determined by the
state prices: v~ = E[¢], in this case we have E[£] < wy. Together with the budget constraint
E[¢w] = wy, we obtain

E[§(w —0)] >0,

which shows that the terminal wealth w must be greater than the reference point # in at
least one of the two states v and d. Proposition [3| confirms this and further shows that it
is not optimal to have the terminal wealth higher than the reference point in one state but
lower in the other state, and the optimal wealth is greater than the reference point in both
states. In fact, in this gain domain (w > @), the EU has a local maximum, which is also the
global maximum. Proposition |3| also shows the investor allocates more wealth in the better
state with low pricing kernel and that the expected utility is always positive.

When 6 = wyr, it is optimal to assign wealth in both states to be at the reference point,
w;, 4 = 0. In this case, the expected utility is zero. Intuitively, consider a budget preserving
change starting from w, = wy = 0. If wealth in one state is greater than the reference
point, the wealth in the other state must be lower than the reference point. Due to the strong
loss penalty (for A > A), the utility gain in the former state is lower than the utility loss in
the latter, leading to negative expected utility.

When 6 > wyr, due to the budget constraint, the investor can either assign her terminal
wealth to be lower than the reference point at one state and at the same time greater at
the other state, or assign her terminal wealth to be lower than the reference point at both
states. Proposition [3| shows that the optimal solution occurs only in the former case: either

wy < 0 <w; orw, <60 < wj Infact, if the investor’s terminal wealth is lower than the
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reference point in both states, she is risk seeking. She can always increase EU by choosing a
more extreme wealth allocation across states, eventually pushing wealth above the reference
point in one of the two states. Proposition (3| also shows that in this case the expected utility
is always negative; thus, the value function is negative.

Proposition [3| shows that loss aversion does not impact the optimal wealth when 6 < wqr
or § = wyr. It takes effects only when 6 > wgr. In the case of 8 > wqgr, the deviation of
wealth from the reference point |w* — | decreases with the loss aversion A. Especially, when
A — o0, the optimal wealth in one state converges to the reference point (w} — 6 in or
wi* — 6 in ) In fact, when 6 > wqr, the investor’s initial wealth is relatively low, and
she has to allow her wealth to be lower than the reference point in at least one state. When
A — o0, the investor is extremely averse to losses. She wants to have as small as possible
losses in this state. In doing so, she sets her wealth in the other state at zero.

The above results show that it cannot be optimal to assign wealth to be lower than the
reference point at both states. We summarize the results on the relative levels of optimal

terminal wealth to the reference point in the following corollary.

Corollary 1. Suppose A > A.
1. When 6 < wgr, the optimal wealth is greater than the reference point at both states.
2. When 0 = wyr, the optimal wealth is equal to the reference point.

3. When 0 > wqr, the optimal wealth is greater than the reference point at one state and

lower than the reference point at the other state.

The S-shaped utility is not concave, leading to nonconcave EU (in terms of the control
variable). To understand the effect of the nonconcavity of the utility, Figure 3| plots the EU
against w,. The left panel is for the case § < wyr and the right panel the case 8 > wyr. We
first look at the left panel of Figure 3] We divide the interval of w, into three subintervals,

(—00,0), [0,1,], and (W, +oc), where W, = —wo’(;ép)fde

corresponds to the case with the
wealth in state d being at the referent point (w; = #). The three intervals correspond to the
cases of w,, < 0 < wq, Wy q > 0, and wy < 0 < w,, respectively. The left panel shows that the

EU is convex and increases with w, over w, € (—00,0], is concave and has a local maximum
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Figure 3: The figure plots the expected utility function FU against wealth w, for 6 < wyr
(the left panel) and 6 > wor (the right panel). Here, A = 2, v = 0.5, §, = 1, {; = 1.5,
p=0.5, and w, = W is the value of w, such that w; = 0. We set 6/wy = 0.5 (< 1)

for the left panel and 6/wg =1 (> r) for the right panel.

over w, € [0, wu]ﬂ and is convex and decreases with w,, over w, € [, o0]. The nonconcavity
does not take effect when wealth is higher than the reference point in both states, i.e., when
w, € [0,w,]. These results together show that the unique local maximum over the interval
wy, € [0,1,] is the global maximum.

The right panel illustrates the case 6 > wgr. It shows that the expected utility function is
not concave and has multiple local maximums. We still discuss the results in terms of three
subintervals of w,. For w, € (—o0,w,) or w, € (0, +00), which corresponds to w, < 6 < wy
or wy < 0 < w,, respectively, the EU is concave and has a local maximum in each of the
two intervals. For w, € [w,,0], the wealth at both states is lower than the reference point
(wy,q < 0). In this interval, the EU is convex, and there is no local maximum. Therefore,
there are two local maximums, one in (—oo,w,) and one in (#,+00), and one of them (the
first one under our parameters) is the global maximum.

Proposition |3 shows that when 8 > wgr, the global maximum of the EU is the greater

9In particular, if v = 0, the EU is linear not concave in the interval w,, € [0,0,], and the optimum occurs

at the boundary.
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of the two local maximum. The following corollary further provides the conditions that

determine which one is the global maximum.

Corollary 2. Suppose A > A and 0 > wyr.

1

1—1 1—
1. When (1 —p)§; ” < p&uw 7, the global mazimum occurs for w) < 6 < w;.
1—1 1—-1
2. When (1 —p)&, " >p&u 7, the global mazimum occurs for wi* < 6 < wi*.
1—1 1—1
3. When (1 —p)¢, " =p&u 7, there are two global mazimums, one for wi < § < w} and

one for wy* < 0 < wy".

When (1 — p)gi_% < pgi_%, EU_ < EU,, and thus EU, is the global maximum In
this case, Proposition [3|shows that at the global maximum w}; < 6 < w;. To understand this
result, we consider a case with p = 0.5 and &, < &;. Because a change in w, is associated
with a larger change in w, under the budget constraint 0.5§,w, + 0.5{4ws = wy, allocating
more wealth in state u relative to state d will yield higher utility. As a result, the optimal
wealth is lower than the reference point in the bad state d, against which it is more expensive
to protect, but higher in the good state wu.

The result is the opposite for (1 — p)g;_% > pﬁi_%. In this case, the global maximum
occurs for w) < 6 < wj, and the value function is given by EU_. Particularly, when
(1-— p)fi_% = p&i_%, we have EU_ = EU,, and both are global maximums.

The nonconcavity of the S-shaped utility causes the optimal portfolios to be sensitive to
parameters and yields jumps in the optimal portfolios. To see this, we examine the impacts
of the pricing kernel on the optimal portfolios. Figure [ illustrates the optimal wealth w
as a function of the pricing kernel &,. When the pricing kernel is too low or too high, there
is no optimal solution as shown in Proposition [2] Within the interval in which there exist
optimal solutions, there are two thresholds, £! and &2, for &,. The first threshold &! is such
that wer = 0, and the second &2 is such that (1 —p)fcll_% = p&i_%. When &, < &, the optimal
wealth w; is given by and is positive. When &, > &L we have 6§ > wor. In this case,
if £} < &, < &2, the optimal wealth w? is given by and is also positive; if &, > &2, the
optimal wealth w; is given by and is negative. In particular, at &, = &2, there are two

different optimal wealth w}, one is higher than the reference point and one is lower. When

ONote that in this case, we have [(1_;)_52’]1,W < Gz ’gl,w.
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fu

Figure 4: This figure illustrates the optimal wealth w; against pricing kernel &,. Here,

£a=05,v=05,A=2 wy=12,60=1,and p=0.5.

& > &2, the global maximum switches from EU, to EU_, associated with a jump in the
optimal wealth around &, = &2, which is a discontinuity in the parameter space. As a result,
a small change in a parameter can cause a big jump in the optimal portfolio and expected
utility. This poses significant challenges to numerical solution methods as usually used in the
literature.

Proposition |3 shows that the sign of the value function varies significantly across the
different cases. We summarize the sign of the value function in the following corollary. It
shows that the sign is determined by the initial wealth level. When the initial wealth level
is high 6 < wyr, the value function is positive. When initial wealth is low 6 > wqr, although
the optimal wealth can be positive at certain state in Figure [d] the value function is always

negative.

Corollary 3. Suppose A > A. The value function is positive for 6 < wgr, negative for

0 > wor, and equal to zero for 6 = wqr.
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3.3 Optimal Portfolio Allocation
Given the optimal wealth, we can further resolve the optimal portfolio allocation.
Proposition 4. (Optimal portfolio allocation.) Suppose A > A.

1. When 6 < wqr, the value of the optimal holdings of the risky asset is given by
. (E—=T1)(wer —0)

= 16
(u—r)+k(r—d)’ (16)
u—r 1
where k = [—(12)(%)01)]7'
2. When 0 = wyr, the optimal holdings of the risky asset is given by
x* =0. (17)
3. When 0 > wqr, the optimal holdings of the risky asset is given by
( (u—r)'~
T i woea > b
* = y (u—T)177 .
AT it < (18)
|+ and x_, if %:1,
where
ki +1)(0— k- +1)(0—
x+:(++)( wr) o g = (B F I wo?")<07
(u—71)—ki(r—d) (u—r)—Fk_(r—d)
. u—r 1 Ap(u—r) 1L
with ki = Lt ] and k- = (7255500

When 6 < wqr, shows that the value of optimal holdings of stock z* is positive if
and only if the risk premium is positive (k > 1). This result is typically found with standard
expected utility. In this case, the optimal holdings are independent of loss aversion A.

When 6 = wgr, the investor does not participate into the equity market regardless of the
level of the risk premium. In fact, for A > A, first-order risk aversion is applying at w = 6
but second-order risk aversion at all w > 6. As a result, an investor with loss aversion is
reluctant to take on small risks when her wealth is close to 6 but always accepts a gamble with
a positive mean when her wealth is above 6. Proposition |4 shows that when the reference
point equals the investor’s initial wealth level scaled up by the gross riskless rate, the investor

is reluctant to invest in stocks. This is consistent with the literature that shows that loss
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aversion helps explain investors’ reluctance to participate in the equity markets. Proposition
also shows that when the reference point is different from this breakpoint (6 # wqr), the
investor will always participate into the equity market.E

When 6 > wqr, we have shown that the EU has two local maximums. Proposition []

shows that if % > 1, that is, state u is a better state relative to dH the global

M > (): the investor assigns more

maximum occurs for wy < 0 < w,. In this case, z, >
wealth in state v than in d by longing the risky asset. As a result, the optimal holdings x*

are always positive, even if the risk premium is negative. Indeed, under the S-shaped utility,
the sign of the optimal holdings are mainly determined by the relative levels of pricing kernel
at states u and d, which determine the tradeoff between losses in one state and gains in the

other state. Because proportional scales in the expected returns at both states do not affect

the condition ( plu—r)!

Aopo—a= > 1, the investor can even go long an asset with an arbitrarily

low risk premium. These results are in sharp contrast with that under risk aversion utility
functions. When the investment opportunity set contains a risky asset and a riskless asset,

a risk averse investor is always long the risky asset if it has a positive risky premium.

(u—r)1=7

T
occurs for w, < 6 < wy. To assign more wealth in state d, the investor must be short the

In the case of 0 > wyr, if 1 (d is a better state), the global maximum

60— wor

risky asset: r_ < — < 0. As a result, the optimal holdings are always negative, even

with a positive risk premium. In the limiting case ( plu—r) 7 _ 1, the two local maximums

1—p)(r—d)! =7

have the same expected utility, and both x, and x4 are optimal.

The following corollary summarizes the sign of the optimal holdings of stock.
Corollary 4. 1. When 6 < wyr, x* > 0 if and only if the risk premium is positive.
2. When 0 = wyr, the optimal holdings of stock are zero x* = 0.

3. When 6 > wor, x* > 0 if and only if % > 1, independent of the sign of the

risk premium.

HSecond-order risk aversion (seeking) applies at all wealth levels greater (lower) than the reference point,
and as a result, outside this breakpoint, the investor always participates into the equity markets. Particularly,
when the reference point is higher than the gross riskless rate as discussed below, the investor tends to even

take a large position, either long or short, in the risky asset.

12In this case, [(1_117)2;]1_7 < (péuz;l‘”’ which corresponds to Case 1 in Corollary
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Figure 5: This figure illustrates the optimal portfolio weight ¢* = z*/w, against u for the
case 0 > wor. Here, A=2,v=0.5,d=05,r=1,wy=0.8,0 =1, and p = 0.45.

Figure || illustrates the optimal portfolio weight ¢* = x* /wy as a function of u for the case
0 > wor. When % < 1that is, d is a better state, the optimal portfolio weight is
illustrated by the blue solid line. In this case, the optimal portfolio weight is always negative,
independent of the sign of risk premium. For example, the vertical dotted line illustrates the
value of u at which the risk premium is 0. The risk premium is positive when wu is greater
than this value. Figure [5[ shows that the optimal portfolio weight can be still negative even
when the risk premium is positive. As u decreases and approaches r+ k_(r — d), the optimal
portfolio approaches negative infinity. When % > 1, that is, u is a better state,
the optimal portfolio weight is illustrated by the red dash-dot line. In this case, the optimal
portfolio weight is always positive. As u increases and approaches r + k., (r — d), the optimal

portfolio approaches positive infinity.

In the extreme case of % = 1, there are two different optimal portfolio weights

13Note that there is no optimal solution for the optimal choice problem when w is too small (u < 7+ k4 (r —

d)), or too large (u >+ k_(r — d)), as shown in Proposition
LTt follows that u < @ = r + [(1 — p)/p| T (r — d).
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¢* = ¢_(= v_Jwy) and ¢* = ¢ (= v4/wy), with one (¢_) being negative and one (¢ )
positive. Both of them yield the same EU. This means that the investor can achieve the
highest expected utility by either buying the risky asset or short-selling it. As a result, the
optimal portfolio weight can jump from positive to negative around this extreme point u = u,
for a small change in parameters (including both market parameters and utility parameters).
We will show in Section that with multiple states, there can be multiple local maximums
of the EFU and hence multiple jumps in the optimal portfolio weight.

Due to this jump, the optimal portfolio weight is either ¢* > 0.61 or ¢* < —0.78 as
illustrated in Figure [f] the portfolio weight cannot be optimal if it is small in magnitude
(—0.78 < ¢* < 0.61). Investors with a high reference point tend to take a large position,
either long or short, in the risky asset, always participating into the stock market.

Propositions directly lead to the following results on comparative statics.
Corollary 5. (Comparative statics.)

1. The optimal investment in stocks x* and the optimal wealth depends linearly on the

reference point 6.

The magnitudes of the optimal investment in stocks |x*|, the deviation of the optimal

wealth from the reference point |w*—0|, and the value function J increases with |0—wr]|.

2. When 0 < wor or 0 = wor, the optimal stock investment x* is independent of A.

When 6 > wqr, the optimal investment in stocks x*, the deviation of the optimal wealth

from the reference point |w* — 0|, and the value function J decrease with A.

The sign of the optimal holdings of stock has been described in Corollary {4l Corollary
Part 1 further describes its magnitude. Recall that when the reference point is the gross
riskless rate # = wqyr, the optimal stock investment is zero. Corollary |5 shows that as
the reference point deviates from the gross riskless rate, the magnitude of stock investment
increases. Because the utility is defined over the deviation of wealth from the reference point
f, both the optimal wealth and the optimal holdings depend linearly on 6.

The reference point 6 significantly affects the wealth distribution when the reference
point is higher than the gross riskless rate § > wqgr. In this case, as € increases, the wealth
distribution becomes more dispersed and volatile. The investor assigns extremely positive

and negative wealth levels across states.

26



The second part of Corollary [5| states the effect of loss aversion A on the optimal holdings
of stock. When the reference point is low ¢ < wgr, the optimal demand is independent of A.
When the reference point is high 6 > wgr, as loss aversion A increases, the optimal holdings
of stock always decrease for both the case % > 1 and % < 1, since the
investor is averse to big losses. This further lowers the value function. Note that the results
in Corollary [§ still hold true for more than 2 states as shown shortly in Section [3.6]

The above results show that although the loss aversion significantly affects the existence
of optimal solutions (Proposition , it has a less significant effect on the optimal portfolios if
they exist. On the other hand, the reference point does not impact the existence of optimal
solutions but is the most important factor in driving the optimal portfolios.

In the above analyses, we focus on the case A > A. The following proposition also

describes the results for the extreme case A = A,
Proposition 5. Suppose A = A.
1. When 6 < wqr, the optimal solutions are the same as those in Propositions [3H{4

2. When 0 = wor, any x > 0 is optimal if (ﬁ)“’(g—j)lﬂ > 1, and any x < 0 is optimal if

(ﬁ)“’(%)k"’ < 1. The value function always equals zero.

3. When 0 > wqr, there is no optimal solution.

Proposition |5 shows that the optimal solution in the case A = A exhibits very different
properties from the case A > A. In particular, when 6 = wqr, utility gain in one state
is identical to the utility loss in the other state. As a result, the expected utility always
equals zero, independent of the level of stock holdings (thus, only the sign of stock holdings

is relevant).

3.4 Positive Wealth Constraint

We have shown that with the S-shaped utility function, there exist optimal portfolios for half
of the parameter space, but there is no optimal solution for the other half of the parameter
space. The lack of solutions over a substantial fraction of the parameter space represents

a limitation of the loss aversion preferences. To have solutions, the literature sometimes
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imposes wealth constraint. In this section, we examine its effects. Without loss of generality,

we consider positive wealth constraintﬂ
w > 0. (19)

We show that imposing constraints often leads to corner solutions.
Assume the initial wealth is positive wy > O.E The wealth constraint w, > 0 for state u
together with the budget constraint wy = “%__p—lf)’g“‘ leads to an upper bound of wealth in state

d: wg < (11"%. Similarly, there is also an upper bound for w, due to constraint wy; > 0. As

a result, the wealth in the two states lies in the intervals:

Wy € [0, ]%] wy € [0, (1?%} (20)

With positive wealth constraint, the EU always has maximums. When A < A, there
is no optimal wealth for the unconstraint case. After imposing the constraint, there exists

optimal wealth and it is given by corner solutions (extreme solutions):

wy = % wy* =0
v P or ¢ . (21)
* s,k wo

wy =10 Ya = Tp

With a sufficiently high reference point (or low initial wealth), the optimal wealth in both
states can be lower than the reference point. This significantly differs from the case without
the wealth constraint, in which it cannot be optimal to assign wealth to be lower than the
reference point at both states.

Now we consider A > A. In this case, the unconstraint problem has optimal solutions.
Especially, if & > wyr, the optimal wealth is negative at one of the two states. However,
imposing constraint in this state binds the wealth to be zero. These results show that wealth
constraint can still have effects even if the choice has optimal solution in the unconstraint
case. Imposing constraints can even qualitatively change the optimal strategy.

In addition, Proposition (3| implies that when wy is sufficiently low or when the reference
point is sufficiently high: wy < Qmin{pgu[A’%(gu/gd)’% + 1], (1 — p)gd[A*%(gd/gu)*% + 1]},

B5Imposing other levels of bound (either lower or upper bound) of wealth can be understood from our

results by adjusting # and wy by noting that our analyses generally hold for any values of them and that

imposing a lower wealth bound is equivalent to certain upper wealth bound due to the budget constraint.
16 Although the loss aversion preferences in Tversky and Kahneman (1992) allows negative wealth, there is

no solution for wy < 0 under the positive wealth constraint.
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the optimal solutions are always corner solutions, as one of the two bounds of w,, in (20]) must
be reached. When A > A and 0 < wgr, the optimal wealth tends to be interior solutions

(wy,a > 0)[7] In this case, the wealth constraint takes no effect.

Remark 1. With wealth constraints, the optimal portfolio weights always exist but are often

given by corner solutions.

The above results highlight the stark differences in the optimal portfolios with and without
wealth constraint. It is worth noting that imposing wealth constraint is similar to changing
utility function. For example, imposing positive wealth constraint is equivalent to setting
utility as —oo for w € (—o0,0). However, the original loss aversion utility is defined over all
wealth levels in Tversky and Kahneman (1992).

Berkelaar et al. (2004) study optimal portfolio choice under loss aversion in a continuous-
time setting. In Berkelaar et al. (2004), the markets are complete. By the Cox and Huang
approach, the dynamic problem can be rewritten as a static problem ((10) in Berkelaar et al.
(2004)), in which there are infinitely many states indexed by a Brownian motion. Problem
(10) in Berkelaar et al. (2004) imposes a positive wealth constraint [ The problem studied
in this section can be viewed as a single-period two-state version of Berkelaar et al. (2004).
Under the positive wealth constraint, the optimal solution always exists in Berkelaar et al.
(2004). Our results further suggest that this solution is unlikely to be an internal one. In
addition, Berkelaar et al. (2004) find that the optimal wealth is either above the reference
point or equal to zero. Our results show that the wealth level depends crucially on the levels

of the reference point and loss aversion.

3.5 The case v, # 7_

The above analyses focus on the case with the same curvature parameters, v, = v_ = 7.
This is commonly considered in most studies. In this section, we consider the case with

different v, and v_, as generally allowed in Tversky and Kahneman (1992) [

I7If § < 0, the optimal solutions can be given by corner solutions.

8In a continuous-time economy where the risky assets follow geometric Brownian motions, investors’
wealth could be negative with a positive probability (Sethi and Taksar, 1988); thus, the wealth constraint is

binding.
YTversky and Kahneman (1992) estimates the same values of them: v, = v_ = 0.12. Wu and Gonzalez

(1996) find ~_ is higher (y4 = 0.48, v = 0.63). Abdellaoui (2000) estimate a higher v, (y4 = 0.11,
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When v, # 7_, the loss aversion utility still features diminishing sensitivity and
reference dependence. However, whether the investor is loss averse depends on the size of

positions as shown in the following lemma.

1
Lemma 2. 1. When v < 4, loss aversion applies when |w — 6| > (%A)%—”r.

2. When v+ < vy—, loss aversion applies when |w — 6| < (%A)ﬁ

Lemma [2| shows that when v_ < v, the investor is loss averse only for large positions:
lw — 0] > (%A)ﬁ, however, when wealth is close to the reference point, the investor
is actually more sensitive to gains than to equivalent losses, opposite to loss aversion. When
v_ < 74, the investor is loss averse only for small positions. In contrast, in the case of
vy = ~_ as studied above, loss aversion is completely controlled by the coefficient A, and the
investor is always loss averse when A > 1.

The following proposition discusses the existence of bounded optimal solutions for problem

B if v+ # -
Proposition 6. (Ezistence of bounded solutions when ~v, # v_.)
1. When v_ < v, the optimization problem has bounded solutions.
2. When vy < 7y_, the optimization problem does not have bounded solutions.

Although the magnitude of loss aversion A determines the existence of optimal solutions
for the case y_ = 7, Proposition [f] shows that it does not affect the existence when ~v; # ~-_.
If v_ < 74, the penalty for losses is strong and the optimal portfolio weights always exist.
However, if v, < ~_, there is no internal optimal portfolio weight, independent of A. When
v_ # 74, the large-scale properties of the optimal portfolio are determined by both A and
the relative level of v_ and ~y, ; however, the latter has a dominating effect when losses/gains

are large and completely determines the boundedness of the optimal portfolio.

Proposition 7. (Optimal wealth.) Suppose that v_ < 7.

1. Case 1: 6 < (wy — 1)r.

v_ =0.08).
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oy 1—vy_ o~ 1—vy_
Suppose that A > A*, where A* = max{(lfp; Sy (1-p) T &y }. In this case, the

V4 =4 -7 -
+ gd + p~ T+ £ +

optimal wealth in the two states is given by

1-L 1—-L -1 - L
W’ — 0 = (wy —r6) [pfu (1 p)e, ”*] £, >0,
(22)

wy— 0= (wo — 7"_19) [p&lL 41 =), M] &7 >0,

1 1 1

2. Case 2: (wo — 1)r < 6 < wyr.

The EU has a local mazximum over each of the three intervals, w, € (—00,0], w, €

[0,10,], and w, € [W,, +00), and the global maximum is the greatest of them.

3. Case 3: 0 > wyr.

The EU has two local maximums, and the global mazimum is the greater of them.
Specifically, one local mazimum occurs for wg < 0 < w,, at which the portfolio wealth

is governed by (A.4), and the other local mazimum occurs for w, < 0 < wq, at which
the wealth is governed by (A.3)).

Proposition [7] part 1 shows that when the coefficient A is large and the reference point
is sufficiently low (or the initial wealth is sufficiently large wo > 776 + 1), the results on
the optimal wealth in this case of 7. # v, are the same as those in the case 7. = v, as
stated in Proposition [3] In both cases, the expected utility has a unique local maximum in
wy, € [0, 10,], which is also the global maximum, and hence the optimal wealth is higher than
the reference point at both states.

However, Proposition [7] part 2 shows that when A is small or when the reference point
is equal to or lower than but close to wyr, the local maximum in w, € [f,w,] may not be
the global maximum. As a result, the optimal wealth can be lower than the reference point
even when 6 < wgr, and the optimal wealth can deviate from the reference point (nonzero
stock holdings) when 6 = wor.m These results are significantly different from those in the
case v_ = 74 as stated in Proposition [3| In fact, for v < 74, loss aversion does not apply
when wealth is close to the reference point. As a result, the EU becomes more complex and

can have multiple local maximums.

20The wealth is higher than the reference point only for w, € [0, ,].
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Proposition [7] part 3 shows that when 6 > wor, the expected utility has two local maxi-
mums, and the global maximum is the greater of them. This result for the case of v_ # v,

is consistent with that in the case v = v, as stated in Proposition [3|

3.6 Multiple States

We extend the results in Section [3]to a general case with S states in the world. Assume that

there are N + 1 = S assets and the markets are complete.

3.6.1 Existence of Optimal Solutions

We divide all states into two sets, S; and S_:
Sy ={s:ws >0}, S_={s:ws <0}

For notational simplicity, we use 1, to denote l,cs, and 1_ to denote l,cs . We extend the
results on the existence condition for the binomial model in Proposition [2] to this general case

with S states.
Lemma 3. Given a non-trivial partition {S,,S_}, if
B¢ (1, — AV > 0,
the EU has no global maximum.
Lemma 3| shows that if there exists a global maximum, we must have
E[¢1 (1, — A1) <o, (23)
for any partition {S,,S_}. For each partition, condition leads to a lower bound for A:

_ 1-1/y

BIE1,])T [ Ses, 2o TV

Az (gamnry) = (£ 0 am) . B (24)
- ZSES_ PsSs

where p, is the probability for state s, s = 1,...,.S. To find the maximum of these lower

bounds, we only need to consider the cases where there is only 1 state with w,; < 6 by noting

that the state prices are positive. Thus, is equivalent to

1-1/y o'
Az(Zt#f—fM) . Vse{l,---,S}. (25)

By further noting that the FU is a continuous function on a compact set, we have the

following proposition on the conditions for the existence of global maximums.
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Proposition 8. Define

1*1/7 ¥
A = max { <Z¥#€)—t_€fm) } (26)

S
58S

1. When A > A, the optimization problem has bounded solutions.
2. When A < A, the optimization problem has bounded solutions.

3. When A = A, the optimization problem has bounded solutions for 0 < wqr and does

not have hounded solutions for 6 > wqr.

Proposition [§| shows that there is a lower bound A for A given by . The optimal
portfolio choice problem has interior solutions only if A is higher than this bound.

With S states, it follows from that the lower bound A must satisfy
A 2 (S - 1)77

and the equality holds only if psé’sl_l/7 = ptﬁtl_l/w, Vs,t. When there are two states S = 2,
the bound reduces to ((10) in Proposition , and it is greater than or equal to 1. As the
number of states S increases, the lower bound A increases. This is because more states provide
more potential opportunities that are exploited with more assets, with which the expected
utility is more likely to approach infinity. When S is large, to have interior solutions, the
agent must have an extremely high aversion to losses that imposes large penalty for losses.
Because A increases with S without bound, when S is very large, e.g., a limiting case with

an infinitely many states, the EU has no global maximum.

Corollary 6. As the number of states S increases, the conditions for the existence of interior

solutions becomes stricter.

Proposition [8| also implies that if the FU has global optimums, we must have

APy {1,---,S} (27)

piel™t C
To understand this result, we consider the asymptotic behavior with budget preserving
changes in terminal wealth over any two states s,t, that is, (Aws, Awy) = (ﬁ, —Z%).

If condition is violated, the investor can always increase her expected utility without
bound by assigning more wealth at state t and less wealth at state s accordingly. If there are
two states S = 2, then (27)) can be a necessary and sufficient condition for global maximums
as shown in Proposition 2] When S > 2, it is not sufficient to guarantee the existence of

global maximums and we need a higher bound A.

33



3.6.2 Optimal Solutions

In this section, we study the optimal solutions. To this end, we assume that the EFU has

global maximums. The optimal solutions are summarized in the following proposition.
Proposition 9. (Optimal wealth and value function.) Suppose A > A.

1. When 6 < wqr, the optimal wealth is given by

wo — 10

~E[E]

*

w* — 6 g, (28)

and the value function is given by

(wo — r*19)1_7

J = =

(EE'=1)" > 0. (29)

2. When 6 = wqr, the optimal wealth is given by
w*—60=0, (30)
and the value function is given by J = 0.

3. When 0 > wqr, for each non-trivial partition {S,,S_}, the EU has a local maximum,

at which the wealth is given by

r=10 — wy

— 01, = —1
(w ) + E[gl—l/v(_h_ + Al/vl_)]§ + (31)
10 — wy
—w)l._ = AV ve=1v
(9 'UJ) E[flfl/’y(—1+ + Al/'yl,)] 5 )
and the expected utility is given by
—19 _ 1—v
g~ : _“;°> (1@:[51*1/7(—1+ + Al/u,)])7 <0. (32)

The global maximum is the greatest of these local mazimums.

Proposition [9 shows again that the optimal solutions exhibit starkly different properties
for 0 < wgr, 6 = wer, and 6 > wer. When 0 < wqgr, the EU has a unique local maximum,
which is the global maximum. At the global maximum, the terminal wealth in all states is
higher than the reference point w* > 6 (if wor > #). In this case, the expected utility is

always positive.
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When 6 = wyr, the terminal wealth in all states is equal to the reference point w* = 6,
and the expected utility equals zero.

When 6 > wgr, there are multiple local maximums, one for each non-trivial partition
{S;,S_}. The global maximum is achieved at the partition that leads to the highest EU,
and shows that this partition leads to the lowest E[¢'~Y/ VL]. Furthermore, this lowest
must be achieved for partitions with only 1 state in S_. That is, it is optimal to set wealth
to be lower than the reference point in the state with the lowest {; - "ps and higher than

the reference point in all the other states.

Corollary 7. 1. When 0 < wqr, the optimal wealth is higher than the reference point

w* > 6 in all states.
2. When 0 = wyr, the optimal wealth is equal to the reference point w* = 6 in all states.

3. When 0 > wqr, the optimal wealth is lower than the reference point in the states with

the lowest 551_1/7195 and higher than the reference point in all the other states.

Corollary [7| shows that when the reference point is high (6 > wyr), the optimal wealth is
lower than the reference point in one state but higher in all the other states. In this case,
the investor tends to pursuit negative skewness by leaving all pains in a single state.

Figure [0] illustrates the impacts of return skewness on the optimal portfolio when the
reference point is high (6 > wgr). We consider a case with three states and three assets,
including a riskless asset and two risky assets (assets A and B). To examine investor’s
demand for skewness, we let the gross returns of the two risky assets have the same mean
1.2 and same variance 0.2. We further fix asset A’s return skewness to be 0 and let asset
B’s return skewness vary. Panel (a) illustrates asset B’s gross returns R, in the three states.
Asset B’s return Ry 4 (Rp,) in state d (u) satisfies Ry g4 < 7 < Ry, and as Ry, decreases, its
return skewness changes from negative to positive. Panel (b) shows that for different levels
of return skewness of asset B, the optimal wealth return tends to be very negative. The
skewness of the optimal wealth is much lower than the skewness of all individual assets. This

is because the optimal wealth is higher than the reference point in two states (v and m) but

2 Equation shows that this partition leads to the smallest E[¢'~1/7 (=1, + AY71_)]. Note that
E[¢1/7 (=1, + AY71)] = (AY7 + DE[E'-Y/71_] — E[¢'~1/7]. So the global maximum occurs for the
partition with the lowest E[¢'~1/71_].
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Figure 6: This figure illustrates the impacts of return skewness on the optimal portfolio for
the case 8 > wer. The investment opportunity set contains three assets: a riskless asset
and two risky assets (A and B). The gross returns of the two risky assets have the same
mean 1.2 and same variance 0.2. We set asset A’s return skewness to be 0 and let asset B’s
skewness vary. Panel (a) plots asset B’s returns in the three states (u, m, and d) against its
return skewness. Panel (b) illustrates the return skewness of the optimal portfolio wealth.
Panel (c) illustrates optimal portfolio weights of the two risky assets. Panel (d) illustrates
the difference between the optimal portfolio wealth and the reference point (w* — 6) in the

three states. Here, A =8, v=10.5,r =1, wy = 0.8, § = 1, and the probabilities of the three
states (p1,p2,p3) = (1/2,1/3,1/6).
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much lower than the reference point in the other (state d) as illustrated in panel (d). As a
result, with low initial wealth, the agent actually seeks negative skewness.

Corollary [7] further shows that the “uninsured” state with wealth lower than the reference
point is the one with the lowest f;_l/vps. It tends to be the worst state of the world with

the highest state price, against which it is most expensive to protect.

4 Incomplete Markets

Section 3| focuses on portfolio choice problems under complete markets. In this section, we
consider incomplete markets. In this case, there are infinitely many strictly positive state
prices, which lead to infinitely many constraints. We transform the problem to one with
finitely many constraints that can be solved with the Lagrangian approach. We find that the
optimal solution exhibits similar properties to that under complete markets.

With incomplete markets, there are infinitely many risk neutral measures. The maxi-

mization problem is:
max E[U (w)]
(33)
subject to E%[w/wo] =7, VQ € M,
where M is an infinite set of all risk neutral measures. Therefore, there are infinitely many
constraints in problem (33)). Indeed, these infinitely many restrictions can be reduced to

finite ones. The intuitive reason is that there are finite states, so we can always find a finite

base to represent the set M. For simplicity, we use the following notations:

Definition 1. Let W = {(ql, cee L qp) € R”’qul + -+ g Ry = r}, where R; is the gross
return of an asset at the ith state, and PT = {(q1, - ,q)|g1 + -+ qn = 1,¢; > 0,Vi =

1,2,--- ,n}. Then the set of risk-neutral measures is given by
M=Wwnpt. (34)

We can always find a finite subset of M, say Q, such that every element in M can be
represented as a linear combination of Q. We denote Q = {Qy,---,Q;}, where | < n and
Q; satisfies E®[R] =r,i=1,---,l. Therefore, for any Q € M, it can be written as a linear

combination of Q;, that is,

Q=0Qi 4+ 4+xQ, ar+---+a=1 (35)
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Hence EQ[R] = o, EU[R] + -+« + EU[R] = ayr + - + oyr = 7.

Lemma 4. Mazimization problem (33) with infinitely many constraints can be reduced to the

following one with finitely many constraints:

max E[U(w)]
(36)
subject to EP[w] = wor, VQ € Q.

The Lagrangian is given by £ = E[U(w)] — S, M(E [w] — wor).

We reduce the portfolio choice problem under incomplete markets to one with a finite

number of constraints. As a result, this problem can be solved with the Lagrangian approach.

4.1 Trinomial Model

We consider a trinomial model. Suppose that there are only two assets, one risky and one
riskless assets, and three different states, wy,ws,w3. The return of the risky asset equals
u, m,d at the three states, respectively. Without loss of generality, we assume d < m < u.

For any risk neutral measure Q = (q1, g2, g3), it must satisfies

uqi +m(I2 ‘f‘dQS =T,
G +q+ag=1,

and ¢; > 0,7 =1,2,3. The fundamental set of solutions is given by

—d d— _ _
Q:k(m 5 ual)—i_(r m? = Tao)v (38)
Uu—m u—m Uu—m u—m

where the range of k is determined by the following inequalities:

( — —

ngm d+r mﬁl,
u—m uU—m

lo<pdzvw uor o (39)
u—m u—m

\0§kz§1.

That is,

m-—r u—r
0 <k< ) 40

mox (0,220 ) < h< 22 (40)
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Therefore, any risk neutral measure Q can be written as Q = aQ; + (1 — «)Qq, where

a € [0,1], and the bases are given by

Ql:(r—m u—r,0)7 Q2:(r—d0u—r)’ T

u—mdu—m u—(cj u—d (41)
r—d m-—r r— u—r
Q <’m—d’m—d)7 Q (u—d’ ’u—d)’ vom=r

Corollary 8. The optimal portfolio choice problem with three states and two assets can

be rewritten as the following one with two constraints:

max p1U(wy) + poU (wp) + psU(wa)
subject to B [w] = wyr, (42)

E@ [w] = wyr,
where Q1 and Qo are given by .

With three states, Corollary [§] shows that the optimization problem involves two con-
straints. In contrast, under complete markets, only one constraint is needed (see, e.g., )
As a result, the solution existence condition in incomplete markets tends to be weaker than
in complete markets. The following proposition states the conditions under which the opti-

mization problem has bounded solutions.

Proposition 10. (Ezistence of solutions.) Define

(43)

Az’ncomplete — max {E[[(R - T)+]1_7)] E[[(T‘ - R)+]1_7)] }’

E[[(r — R)* )] E[[(R —r)*]"7)]

where (a)" equals a if a > 0, and 0 otherwise.
1. When A > A™MemPlete yhe optimization problem has bounded solutions.
2. When A < A™eemplete the ontimization problem does not have bounded solutions.

In , all states are divided into two groups, one with positive excess returns and the
other with negative excess returns. Proposition shows that bounded optimal portfolios
exist when the loss aversion coefficient A is higher than the ratio of the probability-weighted
sums of utility gains between the two groups. These solution existence conditions under
incomplete markets are weaker than those under complete markets as stated in Proposition

Bl Under complete markets, the investor can trade the Arrow-Debreu security for any state,
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and the solution existence conditions depend on the utility gain in any one state relative to
that in all the other states.

The solution existence conditions in Proposition [10| are consistent with the general “well-
posedness” condition that is defined in terms of the large-loss aversion degree (LLAD) in He
and Zhou (2011)@ However, the conditions under complete markets as stated in Proposition

are different from and stricter than the condition in He and Zhou (2011).
Proposition 11. (Optimal wealth.) Suppose A > A™meomriete,

1. When 0 < wor, if A > E-(3=; L) and A > B dyi- 7. the EU has a unique global
mazximum, at which the optimal wealth is positive and governed by (A.9) and (| m

when m < r and governed by (A.10) and (A.16)) when m > r. The value function is

always positive.

2. When 0 = wor, the optimal wealth in the three states is given by w; = w,, = w) = 0,

and the value function equals zero.

3. When 6 > wqgr, the EU has two local maximums, and the global mazimum s the
greater of them. Specifically, when m < r, one local mazimum occurs for w, < 6
and wp,, wg > 0, at which the wealth is governed by and ; another local
maximum occurs for w, > 0 and wy,, wy < 0, at which the wealth is governed by
and . When m > r, one local mazimum occurs for wg < 6 and w,,w,, > 0, at
which the wealth is governed by and ; another local maximum occurs for
wg > 0 and wy, w,, < 6, at which the wealth is governed by and .

Proposition [11] shows that when 6 < wgr, the expected utility has a unique global maxi-

mum, at which the optimal wealth is positive across all states. When 6 = wqr, the investor

?2He and Zhou (2011) define LLAD = lim,_, o0 [u(—2) /u(z)]. For utility (2), LLAD equals the loss aversion
Aif v~ = v4, co if v_ < v4, and 0 if v > ~4. Our results in Proposition are consistent with their
general well-posedness condition. Conditions in Proposition [10|differ from the extreme-risk avoidance (XRA)
condition imposed in Ingersoll (2016) that is used to prevent unbounded utility from above. Ingersoll (2016)
defines that a utility has XRA if lim,_,oo[u(z)/u(—kz)], Vk > 0. The XRA requires y_ < vy, which is

consistent with our results in Proposition

23These are technical assumptions that guarantee EU < 0 over w, € [y, 1y] in the case m < r and over
wq € [g,Wq) in the case m > r, respectively. However, numerical simulations show that FU is decreasing
in both intervals under typical parameters, and theoretlcally aEU = —oo at the four boundary points.

Comparing with the bounded solution existence condition , these assumptions tend to require higher A.
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holds only the riskless asset and the optimal wealth is at the reference point in all states.
These results for the cases # < wyr and # = wyr under incomplete markets are the same
as those under complete markets as stated in Proposition [9] Although incomplete markets
reduce some potential investment opportunities, the investor can assign her wealth at least
as wor, which is higher than the reference point, by simply holding the riskless asset. As a
result, the optimal wealth will not drop in the loss domain in any state, regardless of the
completeness of the markets.

However, when 6 > wqgr, the optimal portfolio are significantly different under complete
markets and under incomplete markets. Under complete markets, the investor assigns wealth
to be lower than the reference point in only one state, against which it is most expensive
to protect, but higher in all the other states, as shown in Proposition [0 However, under
incomplete markets, the investor divides all states into two groups, one with positive excess
returns and the other with negative excess returns, and she assigns positive wealth in all
the states in one group and negative wealth in all the states in the other group. In fact,
incomplete markets allow less opportunities, and the investor may not be able to allocate her
wealth to be lower than the reference point only in a single (the most expensive) state.

The above results are further illustrated in the following example.

Example 1. Suppose that r = 1.03, u = 1.10,m = 1.00, and d = 0.95. Then the risk-neutral

measure Q = (q1, qa, q3) satisfies

1.10g, + 1.00g2 + 0.95¢5 = 1.03,
G+ @t+qg=1
So the risk-neutral measure has the form Q = (8/15+k, —3k, 7/15+2k), where k € [—7/30,0].

Taking k = —7/30 and 0, we can get the bases:

Q; = (3/10,7/10,0), Q9= (8/15,0,7/15).
Therefore, our optimization problem is

max plU(wu> + p2U(wm) + ng(wd)
subject to  3/10w, + 7/10w,, = wor, (44)

8/15w,, + 7/15w, = wor,
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Figure 7: The figure plots the expected utility function FU against the portfolio weight
O(= x/wy) for O < wor (the left panel) and 6 > wyr (the right panel). Here, A =2, v = 0.5,
0=1r=103 uv=11, m=1d=0095 and P = (1/2,1/3,1/6). We also set wy = 2
(> r~10) for the left panel and wy = 0.8 (< r~'6) for the right panel.

where P = (py, pa, p3) is the physical probability measure. Solving this optimization problem
1s sufficient to get optimal wealth.

Figure [7 illustrates the expected utility function EU as a function of the portfolio weight
¢. Here we set a high value of A = 2 to have global mam’mum.@ In the left panel, 0 < wqr.
The EU has a unique local maximum (at ¢* = 3.14), which is also the global mazimum. In
this case, the value function is positive. In the right panel, 8 > wor. There are two local
mazimums, and the global maximum is the greater of them (at ¢* = 8.51). In this case, the

value function is negative.

4.2 Lognormally Distributed Returns

When the risky asset returns follow lognormal distributions (e.g., Merton, 1973), the markets

are incomplete in a static portfolio choice problem. The solution existence conditions are

241f the portfolio choice problem under complete markets has optimal solutions, the corresponding problem
under incomplete markets (i.e., with less assets available) should also have optimal solutions, since the EU

in the former case should be higher than or equal to that in the latter case.

42



given by He and Zhou (2011, Theorem 2). Although there may not exist bounded optimal
solutions in this case, the condition of nonexistence of solutions is stricter than the case
of complete markets as stated in Section [3.6l This is because incomplete markets restrict

investment opportunities and largely prevent investor’s utility from approaching infinity.

5 Conclusion

Loss aversion is one of the central topics in behavioural finance. When studying its impli-
cations for portfolio choice and asset pricing, the literature often applies certain variations
to the utility function proposed in Tversky and Kahneman (1992) to ensure that the op-
timal portfolio is bounded and computes the optimal portfolio numerically. However, the
properties of the optimal policy under loss aversion have not been rigorously understood.
Furthermore, the reference point plays a key role in decision making under loss aversion,
and different reference points have been used in the literature. However, there is a lack of
systematic understanding of its effects. This paper studies the optimal choice under pure loss
aversion. We analytically solve for the existence conditions of optimal portfolios and provide
a general analysis of the reference point.

We show that there is no optimal solution for half of the parameter space in which the
loss aversion is low. This is essentially due to insufficient penalty for losses. However, there
always exist optimal solutions for the other half of the parameter space. The lower bound
of loss aversion above which bounded optimal solutions exist increases without bound as
asset returns are more skewed or the number of states of the world increases. Bounded
solutions are more likely to exist under incomplete markets than complete markets. Under
wealth constraint, optimal solutions always exist but are often given by corner solutions. The
lack of solution over a substantial fraction of the parameter space and in some economically
relevant cases represents a limitation of loss aversion in the application in economicsF_B]

We find that when the optimal solutions exist, the reference point plays a key role in
determining the properties of the optimal portfolios. One popular reference point chosen
in the literature is the investor’s current wealth. We find that in this case, the investor

behaves identically to a standard risk averse investor, and her holdings of the risky asset are

ZFor example, De Giorgi, Hens and Levy (2004) find that a CAPM equilibrium does not exist when

investors have prospect theory preferences with heterogeneous preference parameters.
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determined by the risk premium. Another commonly used reference point is the investor’s
current wealth scaled up by the gross riskless rate. Our results show that a loss averse investor
in this case refrains from investing in the risky asset, irrespective of its return distribution.
In the above two cases, the optimal portfolio (if exists) does not depend on the coefficients
of loss aversion and risk seeking. This result starkly differs from that in the models that use
certain portfolio constraints or impose certain restrictions/variations to the utility function.

Loss aversion truly has effects on the optimal portfolio only when the investor has a
reference point higher than her wealth multiplied by the gross riskless rate, which is, however,
less studied in the literature. In this case, the coefficients of loss aversion and risk seeking start
to affect the optimal solutions (if exist), and the optimal portfolios distinctly differ from those
under the risk aversion utility functions. We show that the optimal stock holdings are not
determined by the risk premium. The investor can go long (short) an asset with an arbitrarily
low (high) risk premium. The investor trades more aggressively than a risk averse investor
and tends to take a large position, either long or short, in the risky asset, especially when
the asset’s returns are highly skewed. The nonconcavity of the loss aversion utility function
leads to discontinuity in the parameter space. A small parameter change can result in a big
jump in the optimal portfolio and the value function, which poses significant challenges to

numerical solution methods as usually used in this literature.

44



A Proofs

A.1 Proof of Proposition

Suppose that the terminal wealth is higher than or equal to the reference point at all states.

Then the value function under the HARA utility function (4)) is given by

_ _ 1—v
T L 1 -— ¥
- ! m _ All—y
=maxE (o~ 1)1T +@'R — 6] } (A.1)
z L —7
=max [k (o — &'1)r + zc'R]l_q
=me _ T 7

where Wy, = wy — r~'6. Equation shows that when 1wy = wy — 710 > 0, the optimal
portfolio problem is equivalent to the standard portfolio problem under the CRRA utility with
nonnegative initial wealth. In the latter problem, the optimal wealth is always nonnegative,
w* = (wg — x*'1)r + *'R > 0, which is equivalent to w* — 6 > 0, where the equality holds
when wy = 0, and * is the optimal holdings of risky assets.

On the other hand, the optimal wealth under the loss aversion utility function is also
higher than or equal to the reference point when wg — r=16 > 0, as shown in Proposition |§|
Therefore, the HARA utility and the loss aversion utility, which are concave and identical in

the gain domain, produce the same optimal portfolio in this case.

A.2 Proof of Lemma 1

Suppose w, is sufficiently large. Then w, is low by the budget constraint @, and the expected

utility becomes

B0 = L o I

When w, — +o0,

)

EU ~ [p — A(1 - p) (%)FV] fﬁ;

leading to the asymptotic behavior (§]).

When w, is sufficiently low, the expected utility becomes

EU = ﬁ [ = Ap(0 —w,)' T+ (1 _p)(ﬁ_——% - 9>1_W]'
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When w, — —o0,

s [_ A+l _p)((1 pf;)f)l—v] (—1w_u)7‘"/’

leading to the asymptotic behavior @D

A.3 Proof of Proposition

Lemma 1] shows that when A > A, the EU goes to —oo as w, — F00. Because the EU is a
continuous function on a compact set, the EU has a global maximum.

When A < A, the EU goes to +oo as w, — +00 or as w, — —oo. In this case, there is
no optimal solution for problem ([5).

When A = A, whether there exist optimal solutions depends on the relative level of

the reference point and initial wealth. When 6 > wgr, the EU is negative as shown in

Appendix |A.4, The EU approaches zero as x — oo if (1%21))7(%)1_7 >1,0orasxr — —o0

u

if (£-)7(4)'=7 < 1. In either case, the optimal holdings are infinite. When 6 < wqr, the
1-p &u

optimal holdings are bounded as shown Appendix |A.4L When 6 = wyr, if (ﬁ)'y(g—:)lﬂ >1,

any x > 0 is optimal (the EU is zero), and if (1%93)'7(5—2)1’7 <1, any < 0 is optimal (the
EU is zero).

A.4 Proof of Proposition

The EU as a function of w, is given by

(

ﬁ [p(w, — 0)'7 + (1 — p)(l’?l__p—]f)*g* —0)'], it w, >0 and w, < wy;
S — = [p(w, = 0)'77 = A(1 = p)(0 — %)f_p—jgj‘)l‘ﬂ, if w, >0 and wy, > Wy;
ﬁ [— Ap(0 — w,) 7 + (1 — p)(q“”?;p—lf%‘lm — 0], if w, <0 and w, < Wy
\_ﬁ[p(g_wu)l_wjt(l—p)(@— 1’?{_”—5&??”], if w, <60 and w, > w,,

where w0, = W.
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A4l wy>r'o

Note that r=t = E[¢] = p&, + (1 — p)&s. When wy > 10, we have w, > 6. Thus, the case

w, < 0 and w, > w, cannot occur. The KU becomes

;

5 [pwa = 0)' 77 + (1= p) (25e) " (0 — wa)' 7], if w, € 10,w,];
EU = 1%7 [p(wu - 9)1—7 - A<1 - p)((lgisgd)liv(wu - ,wu)lf'y]’ if Wy € [wua —I—OO),

|)_l

[— Ap(0 — w,)7 + (1 - p)((1f§;§gd>1_7(wu —w,)' 7], if w, € (—o0,6].

—
=2

\

The EU is concave when w, € [0,w,]; thus, it has a local maximum between 6 and w0, E In

addition,
wy 7 € \1— )
By =1 [p— Al —p)((lfm)l . when w, — +00;
—Wy = w —
(Cwa) 7 1_)7 [—Ap+(1— p)((lfi)fd)l "], when w, — —oo.

Ifp— A(1 - p)(%)lﬂ > 0, the EU approaches +oo when w, — +0o0, the EU has a

local minimum in the interval (w,, +00) and there is no global maximum.

If —Ap+ (1 — p)((lfi“)gd)l_V > 0, the EU approaches +oco when w, — —oo, the EU has

a local minimum in the interval [#, 400) and there is no global maximum.

Thus, to have a global maximum, we focus on the case p — A(1 — p)( pépu )17 <0 and

(1-p)éa
Eu  \1—
—Ap+ (1 - p)(gsz) 7 <0,

1. ifp— A1 — p)(%)l_7 < 0, when w,, — +o00, the KU approaches —oo.

2. if —Ap+ (1 —p)(&)l_7 < 0, when w, — —oo, the EU approaches —oo.

(1-p)éa
3. ifp— A(1 — p)((lf%sgd)lﬂ = 0, when w, — +o00, the FU approaches 0. In this case,
we have —Ap + (1 —p)(&)l_7 < 0.
4. if —Ap+ (1 — p)((lf%gd)lﬂ = 0, when w, — —o0, the EU approaches 0. In this case,
we have p — A(1 — p)((lfi“)gd)l_“’ < 0.
Finally, if p — A(1 — p)((lf%‘)gd)l_”Y < 0, we have %u] < 0 over w, € [Wy,,+00), and if
—Ap+ (1 - p)((lf%)fd)l_V < 0, we have %‘%{ > 0 over w, € (—o00,0]. Therefore, the local

maximum between # and w, is the global maximum.

26Here we assume v > 0. If v = 0, the EU is linear not concave in the interval w, € [0,0,], and the

optimum occurs at the boundary.
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Now, we derive the optimal wealth and value function. We use the Lagrangian approach

to find local maximum. The Lagrangian is given by

— =
=MD A+ (1 - s — ).

where A\ > 0 is the Lagrange multiplier. The FOC for the local maximum is
(wy, — 0)77 = A, (wg — 0)77 = Xy

So
Wy — 0 = (£4/€.)7 (wa — 6).

The budget constraint leads to

wy — 1710 = p€u(w, — ) + (1 — p)ég(wg — 0) = [pfu(ﬁd/fu)% + (1= p)&a] (wa — 0).
The value function is

J= ﬁ [P(Ea/€) T + (1= p)] (wa — 0)'
— Gl _17;_76) — [Io(fd/fu)lfT7 + (1 —p)](wa —0)"7 [Pfu(fd/fu)% +(1- p)ﬁd}7_1
St D e -

A4.2 wy<rlo

In this case, w, < 6; thus, the case w, > 6 and w, < w, cannot occur. So the EU is

(

5 [p(we = )77 = AL = p) (%) (wy — @) 7], iE w, € [0, +00);
EU = ﬁ [ - Ap<0 - wu)lify + (1 - p)((lgfpu)gd)lf'y(wu - wu)li’y]a if Wy, € (—OO, wu]y

|~ 5 (A0 = wa)' ™ + (1= p) (25)" 7 (wu — ) 7], i wy € (i, 6],

The utility function is convex when w, € [0, ] and

wi o _ .
EU =) [p— A1 - P)((lgm)l ", when w, — +00;

—Way 1—v ” _

( 1_)7 [—Ap+(1 —p>((11_)5m)1 7], when w, — —oo0.

The EU has a local minimum between 6 and w,.

1. Ifp— A(1 —p)((lﬁ%)l_7 > 0, when w, — +00, the EU approaches +00, and there is

no global maximum.
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2. If p— A(1 —p)(%)k7 < 0, when w, — 400, the EU approaches —oo, the EU has

a local maximum for w, € (6,00) (and thus wy < 6).

The FOC for the local maximum is
(wu — 9)77 = )\fu, A(G — U)d)i7 = /\fd

So

2=

o g (1/6)

eyt

2=

The budget constraint leads to

2=

(1/€u)
(A/&4)

r10 —wy = —p&u(w, —0) + (1 — p)&a(f — wy) = < — péu +(1— p)id) (0 — wq).

2=

The quasi-value function is

- ) s

_ 0 %1”p(zz ) - A =p)| |- e -

~1p 1—y N7
- (e e

3. If —Ap+ (1 —QD)(&)P7 > 0, when w, — —o0, the EU approaches +oo, and there

is no global maximum.

2| =

Q‘H Q\H

<U@ﬁr*
(A/€a)

4. If —Ap+ (1 —p)(%)k7 < 0, when w, — —o0, the EU approaches —oo, and there

is a local maximum in the interval [—oo,w,]. This case is symmetric to case (2).

5. If p— A(1 —p)((lfi“)sd)l_V = 0, when w, — 400, we have FU — 0, and %ET? > 0 over

€ [6, +00); thus, there is no local maximum over w, € [#,4+00).
6. If —Ap+(1 —p)(ﬁ)l_”’ = 0, when w, — —o0, we have EU — 0, and %ET[{ < 0 over

w,, € (—00,w,]; thus, there is no local maximum over w, € (—00,w,].

Finally, if p — A(1 — p)((lfilsgd)1*7 <0and —Ap+ (1 — p)((ﬁ%ﬁgd)lﬂ < 0, there are two

local maximum, one in [f, +00) and one in (—oo, w,], and one of them is the global maximum.
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A.5 Proof of Corollary

When wor < 6 and A > A, the EU has two local maximum, and the global maximum is the

greater of EU, and FEU_. Proposition [3[ shows that J_ < J, if and only if (1 — p)fCT; <

1—1
JZSTI

A.6 Proof of Proposition

The expected utility becomes
p (wu—e)l_vl{wuze}—A(Q—wu)l_vl{wuw}] +(1-p) [(wd—g)l_wl{wdze}—A(Q—w(z)lﬂl{wdw}] ,
where w, and w, are the terminal wealth at states u and d, respectively, given by
w,, = wor + x(u — 1), wg = wer +z(d —r1). (A.2)
First consider the case when the optimal wealth is positive in both states. The FOC is

plwer — 0+ x(u—1)]"(u—1) = —(1 = p)lwer — 0+ x(d — )] (d — 1),

2=

Let k = [g2scr]

optimal holding x is

. The FOC becomes wyr — 0 + z(u — r) = klwer — 6 + 2(d — r)]. The

*

(k= 1)(wer —0)
(u—7r)+k(r—d)

Next we consider the case when the optimal wealth is negative in one of the states. The

FOC is

plusor =0+ (u = )] (w—r) = —(1 = p)AD —wor — 2z (d =) d—v), i wor+ 2 (d—7) <0

pA0 —wor —x_(u—71)]"Nu—1)=—1—=p)wer —0+x_(d—7r)]""(d—r), if wr+z_(u—r)<8b.

Let kb, = [ 2=r)

m]% and k_ = [Mﬂ"))]% The FOC becomes

(1-p)(r—d
wor — 0+ xy(u—71) = —kglwer —0 +x(d—7)], if wer+az(d—r)<6;
—[wor =0+ x_(u—r)] =k,Jwer —0+z_(d—r)], if wer+x_(u—r)<0.

The optimal stock holdings = are

i (kx + 1) (wor — 6)
ST (u—r)—ke(r—d)’
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A.7 Proof of Proposition

The proof follows from Appendices

A.8 Proof of Proposition []

When w, is sufficiently large, the expected utility becomes

I

(wu - 9)1_7+ A Wo — pguwu
EU=p—F——— (1 — —
T, ( p)l—%[ (1 —p)éa
When w, — 400,
(wu)l—w (wu)l—% 1—y-
EU = —(1—-p)A .
It (1=#) L=~ )fd}

It goes to +o0 if v, < v_ and goes to —oo if v_ < 4.

When w, is sufficiently low, the expected utility becomes

0 — U 1=- 1 - u Py
EU——pA(ll_U—)—I—(l—p)l_ [wo p&uw
V- T+
When w, — —o0,
(—wy)' - (—w, )
EU~ —pA—F"—"—+(1—p
- (1-7) L=y L1 —p)a

It also goes to +o0 if v4 < v_ and goes to —oo if v < v,.

A.9 Proof of Proposition [7]

The EU as a function of w, is given by

.

T—; (1-p)éa
1 — 1 wo — guwu —y_
EU = 1—’7+p(wu - 0)1 = Al—vf (1 —p)(Q - ?1—pp)§d )1 !
—ArEop(0 — w,)' T (L p) (M
[~ [p(0 — wa)' 7+ (1= p)(0 — “piate) ],
where W, = W.

o1

L [p(uw, — 6)'7 + (1 — p)(Meee —gyi=i],

}1—7+

} 1=

wy, > 0 and w, < W,;
w, > 0 and w, > w,;
wy, < 0 and w, < Wy;

w, < 0 and w, > w,,



A9.1 wy>r'o

Note that r=t = E[¢] = p&, + (1 — p)&s. When wy > 10, we have w, > 6. Thus, the case

w, < 0 and w, > w, cannot occur. The KU becomes

4

Lo, — O+ (1 p) (B ] i, € [0,40)
EU = 1717+p(wu - 8>1_V+ - Aﬁ(l - )(0 - 1112)117—%) -, if Wy, € [UAJu, —|—OO),
| A p(0 — w,) 0+ (- p) (S - 0) i w, € (—00,0]

The EU is concave when w, € [0,w,]; thus, it has a local maximum between 6 and w,. Now,
we derive the wealth at this local maximum. We use the Lagrangian approach to find local
maximum. The Lagrangian is given by

(wd _ 9)1*%

L=

p———— +(1-p)

— A[pCawy + (1 = p)&gwa — wo),
where A\ > 0 is the Lagrange multiplier. The FOC for the local maximum is
(wu — 9)7’” = )\fu, (wd — 9)7%' = >\€d

So
wy, — 0 = (gd/fwﬂ(wd - 9)
Together with the budget constraint, the wealth at this local maximum given by .

Next, we look at w, € (—o0,6]. When w, — —o0, EU = —Ap% — —oo. In this

interval,

oEU
Oowy,

p+ gi—’w—

(1 —p)=r+ gl

= p[A0 —w.) " - (i, — w,) ]

To have MTU > 0 (i.e., the EU is increasing over w, € (—00,0]), we need to demonstrate

(0—wy)7— 7+ i
A > A —)W7 where A+ = &Tél_7+ In fact

— Y- — _
A M _ A+(A9—w“>7 (W — we )"~

- (0, — UJU)WJr Wy, — Wy
p—'y, 1—vy—

AKX (= O = 63[”*(

1
where the last inequality holds true if wy — r='0 > 1 and A > i p) o ?{,7 —.
d

Finally, we consider w, € [w,, +00). When w, — oo, EU =— —o0. In this interval,

OFU _ p- -
pl(wn =7 — AT e
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B i Y

To have 8EU < 0, we need to demonstrate A > A_ %, where A pEE e In
fact,
(wu B 0)’“— Wy — wu - -
Aoy —A Ca—g) w-or

—p) - f;_%

1
<A X1x(w,—0)"" = ( L
p*'}/-‘— fu Y+

(wo — r710)7- 77+ < A,

o~y 1—vy_
where the last inequality holds true if wy — 10 > 1 and A > %2‘{_7 —.

u

_ - e - 1-p) - &y O~
Therefore, when wy — r='60 > 1, A > &ﬁé‘—w’ and A > (pf—)ﬂgi‘”r’ the local

maximum over w,, € [0, ,] is also the global maximum.

It is worth noting that %ETZ can be negative in both w, € (—o0, 6] and w, € [W,, +00)
if A is sufficiently small or if wy — 77'6 is close to zero. Especially, when wy = 7', & 8E—U is
negative and the EU is decreasing in a left neighborhood of w, = @, and 6E YU is positive and

the EU is increasing in a right neighborhood of w, = w,.

A9.2 wy<rlh

In this case, w, < 0; thus, the case w, > 6 and w, < w, cannot occur. So the EU is

(

L p(wy, — 0)7 — AL (1 — p)(f — “oBoutuyl=y— = if g, € [, +00);

T4 1—y— (1-p)éa
EU = —Aﬁp(@ 0 % (1- )(% — O i w, € (—o0,Wy);
\_1_17 [p(e - wu)l_’L + (1 - p)(e - %)1_77]a if Wy € [wua 9]

The utility function is convex when w, € [w,, 0], and EU — —c0 as w, — +00.

The EU has a local maximum over w, € (—oo,,]. The FOC for the local maximum is
A0 — w,) 7™ = Ay, (wg — )77 = Ny

Together with the budget constraint, we obtain the following equation governing w,,:

B 1 Y+ gl—w
_ Y- — — u
(0 = wa) A(l—p)—+ S;—’H

(Wy — wy) . (A.3)

Then wy, is solved for using the budget constraint.
When w, € (—o00,w,], the FOC for the local maximum leads to the following equation

gOVErning wy,:

(wa = 0)7 = Ap? r- pEs 2_: (1, — )~ (A1)
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A.10 Proof of Lemma [3

The budget constraint is given by E[{w] = wy, where w is a wealth distribution across the
S states. Given a starting wealth distribution w that satisfies the budget constraint, any
wealth w under the budget constraint should satisfy the following budget-preserving change:

w—b =&Y, —al )A, with a = E[¢1"Y71]/E[¢'Y/71_]. The EU is given by

EU :LE[(w —0)" 1 — A0 —w) 1]

11—
:ﬁE (@ 4+ €A —0) 71— A0 - b +ag7A) L.
When A — +o0,
EU %fi_; (]E[éflfl/’YlJr] o Aalf'y]E[flfl/,yliD
Al )
=5 (BIE L) (RS L) — ABLE L)),

This goes to +oo if E[¢1/7(1, — AY71.)] > 0.

A.11 Proof of Proposition [9]

The objective function is given by

max E[U(w)] = max sU(ws),
pa B{U(w)] = a3 .U

such that wy = ), ps&sws = E[§w]. We will consider interior solutions for the case. To this

end, we use Lagrangian approach. The Lagrangian is given by
E[U(w)] — A(E[€w] - wp), (A.5)

where A > 0 is the Lagrange multiplier.
When wy > E[£]0, the FOC is given by (w — )™ = A¢. The budget constraint leads

to wy — E[£]0 = E[{(w — 0)] = E[(A)71] = AVIE[¢1/7)]. Therefore, the Lagrange

wo—E[£]¢
ElE1/]

-
multiplier is given by \ = ( ) , leading to the optimal wealth and the value function

given by and .
When wy < E[£]0, assume a local optimum occurs at one partition S; and S_. The FOC
is given by

(w—0)71, = ALy, A0 —w) 1 = A1,
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The budget constraint leads to
wo—E[g]0 = E[g(w-0)] = E [¢((0) /11, — (Ag/A) 11 )| = A E[€ (1, - A1),
Therefore, the Lagrange multiplier is given by

A= (E[E)0 — wo) " (B[ (~1 + AV1)]) " (A.6)

Note that A > 0, so wy — E[¢]6 > 0 and E[¢'~Y/7(1, — AY71_)] > 0 has the same sign.
The expected utility function EU is given by

EU = %E [((Ag)—l/v)“’m - A((Ag/A)—l/v)l*H_]
)\1—177 .y y (A.7)
= T B0, - AL

By substituting (A.6) into (A.7), the EU becomes (32).

The global maximum is achieved only for partition with only 1 state in S_. Now consider
partitions with only 1 state in S_. Suppose S_ = {t}, that is, state t is the only state with
wealth lower than 6. In this case, E[¢'7V/71_] = @1_1/7]9,5, and we can explicitly solve the

budget constraint:

wo — B[EJ0 = paba(ws — 0) + pi&y(wr — 6).
s#t

Zs;ﬁt ps&s(ws — 0)
Pe&t
The EU can be express in unconstrained variables

—_ 1 _ 1=y
EU = Z ws 0) _Aptu
s#t v

Therefore,

0 —w;, = = (wo — E[¢]0). (A.8)

where 6 — w; is given by equation (A.8g]).
FOC for w, s # t, is

_ D
s(wy —0)77 = Ap (0 —wy) T—=.
Ps( ) pi( £ ok,

The Hessian matrix is

Hss’ == s ’lU — )~ 1553 +A 0 — y— 1pS§Sps és’
s = —Ds( )" pe(0 — wp)~ TR

Using the FOC condition, the Hessian can be written as

*) — psgs * -1 ) — —1psfsps’£s’
H, o = —vAp (0 — w;)™" w; —0) 0se + VAP (0 —w;) T
) Y pt( t) ptgt( ) > g pt( t) (pt£t>2
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Apt — 1 ( psgs psgsps’fs’ )
N S e Sy 5oy 4 —DeSPISs )
7 &t ( 2 s wi—0 " pe&e(0 — wy)

We should be able to show that H is negative definite. Define % = E[&]’

Ps€s/ D, (ps&s), which are the risk-neutral probabilities. The Hessian can be written as

Apy _ ( qs sy )
0—w) " (——L g, B
ftQt( t) wy — 0 %(9 - wf)

Ap o\ 0 —w
=6 (0 —w)™ 1( w*_eqsqtéss +q5q5).
t

Only terms in the bracket are relevant for determining whether H is negative-definite,

Hss’ =7

0 —
hs,s’ = ( w* HQSQt(sss + QSQS> — ( astQt(Ss,s’ + QSQS’)a

9_ *
where a, = ﬁqsqtd&sl. Thus,

—a1q1G: + 1q1 192 q14s
b 0192 —A2q2G: + G242 - 7245
q14s q24s o —Q8qsq: + qsqs
—a1q; + q1 ¢ T
qo —a2q; +q2 ... Q2
= . . : . ITsgs-
ds gs . —agq: +qs

Subtracting column 1 from column s for all s # 1, we get

—a1qr+q  a1q ... a1G:
B G2 —aoq; ... 0
qs 0 —asq;

The determinant of &' is

S
(_al% + QI)HS7£1<_GSQt) - QQH5¢2(_GSQt> + .= (Hs(_as%)> (1 - Z s ) .

If wy — E[£]0 < 0, then

°g ) 1 . . ~ —(E[¢]0 — wo)
(1_thas> - Qt<9_w2k) (Qt<9_wt>_z%(ws _9>> - Qt(e_w:) > 0.

s=1 s#t

26
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The above equation can be true for all principle minors of dimension u, u =1,...,.5 — 1, so
the sign of their determinant is (—1)*. This implies that the eigenvalues of h are all negative;
thus h is negative definite. Therefore, the Hessian is negative definite, and the FU has a

local maximum at w*.

A.12 Proof of Proposition

We first consider the case m < r. In this case,

r—m u-—rT

r—d _u-—r
Ql (Q11,912, ) (u_m?u_m7 )7 @2 (q217 »C]23) (u—d’ >u_d)

The two constraints in problem lead to

WoT" — q11Wy, WoT — q21Wy
Wy = ——————————, Wy = ———.

q12 q23

(A.9)

When w, — 400, we have

1 1 1— 1 1—v
EU ~p 1 wy, " — Aps (Ewu> — Aps (gwu>

- 1 =7y \qgi2 1 — 7 \gas
1— 1— 1—y
() (2]
q12 q23 1—x
r—m\1l- r—d\1-7 wl
:[pl—A]b( ) —Ap3( ) .
u—r u—r 1—7
It leads to )
—o0, if A> A%
FU — 0, if A=A
+oo, if A< A",
\
where
. pr(u—r)t _E[[(R—r)*')]

T opr—m) T ps(r—d) T E[[(r - R

When w, — —o0, we have

1 1 1—y 1 — 1=y
EU ~ _Apl <_wu)17’y +p2 < - EU)u) +p3 < 1 wu)

1=~ 1= q12 L=\ g
1—v 1—v _wul—’Y
= [_Apl +p2<g> +p3<@> }—( )
q12 423 -7~
r—m\1 r—d\1=7 (—w,) ™
[ () T () )
u—r u—r 1 —x
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It leads to

(

—oo, if A> (A"

EU =40, if A=(4)"Y

too, if A< (AL
\

Therefore, the optimization problem has bounded solutions when A > A™empiete 4nq

Aincomplete

does not have bounded solutions when A < , where

Azncomplete = max{

Next, we consider the case m > r. In this case,

r—d m-—r

r—d u—r
Q1 = (0,q12, 13) = (07m7m_d>7 Q2 = (g21, 0, q23) = (u—d’o’u—d>'

The two constraints in problem lead to

WoT" — (o3W, Wl — (13W,
= 0 423 d7 w,, = 0 q13 d. (A.lO)
q21 q12

Following the same analysis above, one can show that A > A (A < A) is also the condition

under which EU — —oo (EU — +00) as w, — £00.

A.13 Proof of Proposition
A13.1 m<r

We first consider the case m < r. Define

wor — (120 wWor — (a3
W, = 0 q12 ’ i, = 0 q23 7 (A.ll)
q11 421

which is the value of w, when w,, = 6 and wy = 6, respectively.

We present our results for wy > =10 and wy < r~16, respectively. First, when wq > 7716,
we have 0 < w, < w,, which leads to four intervals for w,, corresponding to four different
cases as discussed below.

Case 1: w, <0, w,, >0, wg > 0.

The expected utility is given by

1
L=y

1 1=y 1 1=y
(O-w) T +pr—— (B) (=) T pe—— () (@ —w) .

EU:—plA
I =7 q12 I —7"qo3

o8



Under the condition A > A™emPlete B — —o0 as w, — £0o. In addition,

E 1— 1—
aawU = plA(Q - wu)_A/ — D2 (%) 7(UA)U, - wu)_A/ — P3 (%) 7(ﬁ)u - wu)_’y
1— 1—
> [ap = pa(2) = pa(22) 0 - w20
q12 423

showing that EU is increasing over the interval w, € (—00,0).

Case 2: 0 < w, < Wy, Wy, >0, wg > 0.

In this case, wealth in the three states is in the gain domain, and EU is concave, 3;7%(] <0,
and has a local maximum over this interval.

Case 3: Wy < Wy < Wy, Wy >0, wyg < 6.

The expected utility is given by FU = plﬁ(wu — ) 4y (L)Y (1, — wy, )Y —

1=y qi2
Apgﬁqz_;)l—w(wu — 10y )' 77 Tt leads to

OEU _ g\, . _ g1\ 17 o
- w 0)"7 — - u — Wy T—A - u — Wy K
ow, pl(w ) p2<Q12> (w v ) p3<Q23> (w . )
_ g1\ =7 o
< pr(wy, —0)7 — Aps| — Wy — Wy) !
pi( ) P3(q23> ( )

1—
< [Pl - Ap?,(@) ](wu —0)"7 <0,
423
where the last equality is based on the assumption A > Bt(222)1=7 — BL(u=t)1=7  Then EU
p3 *q21 p3 T

is decreasing over the interval w, € [0,0,).
Case 4: Wy < Wy, Wy <0, wyg < 0.

The expected utility is given by EU = plﬁ(wu —0)7 — Apgﬁ(ql—l)lﬂ(wu — )17 —

q12

Ap:sﬁ(gz—;)l*”(wu — wu)l’w. It leads to

OEU - G\ A\ — g\ ~ =
=pi(w, —0)77 - A (—) wy, —w,)  —A (—) Wy — Wy) !
ow. = Il ) i) | ) pl) )
1- 1-
< [pl - ApQ(@) T Aps (@) 7] (wy — 1,) Y <0,
412 423

showing that EU is decreasing over the interval w, € [, +00).

Therefore, the local maximum of EU over 6 < w, < w, in Case 2 is the global maximum.
Now, we derive the optimal wealth and value function. We use the Lagrangian approach to
find this local maximum. The Lagrangian is given by

L =E[U(w)] — M (E®[w] — wer) — Ao (B2 [w] — wor)

w, — )17 Wy, — )17 wg — )7
(0, =0/ (=) (wi=0)
[ [ L=y

— M (qr1wy + qr2Wy, — wor) — Aa(ga1Wy + Gazwa — wor).

:pl
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The FOC for the local maximum is

pr(wy, —0)77 = A1 + Aagor, pa(wWm — 0)77 = Mqua, p3(wg — 0)77 = Aagos,

which, together with the budget constraint, leads to the following equation governing the

optimal wealth w;:
prlu—71)"(w, —0)77 — po(r —m) T (W — wy) T — p3(r —d) (W, —w,)"T = 0. (A.12)

and w} from (A.9). The value function is J = py 0T

Then we can solve for w T—

(W =0 ) (wg=0)'

P i — =20,

In particular, when wg = 710, we have w, = w, = 0, w} = w}, = w} =6, and Eu = 0.

Finally, we consider the case wy < 1. In this case, we have W, < w, < 0, which leads
to four intervals for w,, corresponding to four different cases as discussed below.

Case 1: w, < Wy, Wy, >0, wg > 0.

In this case, %ETS < 0 when w, is in a left neighbourhood of w,, and EU — —oo as
w, — —oo. Thus, EU has a local maximum in the interval w, € (—o0, ).

Case 2: Wy, < Wy < Wy, Wy < 60, wyg > 0.

In this case, EU is decreasing and convex when w, is small and decreasing and concave
when w,, is large.

Case 3: w, <w, <0, w,, <0, w; <6.

In this case, KU is convex.

Case 4: 0 <w, <, wy, <0, wg <40.

In this case, EU is increasing when w, is small (higher but close to #) and tends to —oo
as w, — +00. Thus, EU has a local maximum over w, € [f, +00).

Using the Lagrangian approach, the wealth w, at the local maximum over w, € (—o0, W)

in Case 1 is governed by
prlu—7)"TA0 —w,) T — pa(r —m) Y (W — wy) T = ps(r —d) T (W, —w,)"T =0, (A.13)
and the wealth w, at the local maximum over w, € [#,+00) in Case 4 is governed by

prlu—7)""(w, —0) = po(r —m) T A(w, — )Y — ps(r —d) TV A(w, —,) T = 0. (A.14)
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Al13.2 m>r

The case of m > r is symmetric to the case of m < r.
Define
_ Woer — 210 _ Wer — q120

Wy = B, = 12T (A.15)
423 q13

which is the value of wy when w, = 6 and w,, = 0, respectively.
When wy > r710, we have § < w0y < Wy, and EU is increasing over wy € (—00,6),
concave over wy € [0,1,), decreasing over wy € [0,w,) if A > ;;—?(Z;_i)l_”, and decreasing

over wy € [y, +00). As a result, the local maximum of EU over wy € [0, 1,) is the global

maximum, at which the Lagrangian approach leads to w); governed by
ps(r —d) " (wg — 0)7 — pa(m — 1) (g — wg) T — pr(u— 1) (g — wg)TY = 0. (A.16)

and w; and w?, are determined by (A.10)).
When wy < 7710, we have 1wy < g < 6, and EU has a local maximum over wg € (—00, )

and wy € A, +00), at which the wealth is governed, respectively, by
ps(r —d) VA0 —wy) T = pa(m — ) T (g — wa) T = pr(u— 1) (g —wqg) T =0, (A.17)
and

p3(r—d) 7 (wg— )7 — po(m—1)"TAlwg —Wg) T —pr(u—71)"TAlwg —g) "7 = 0. (A.18)

B Portfolio Choice under Decision Weights

B.1 Decision Weights under Portfolio Choice

In addition to the S-shaped utility function ([2) that characterizes loss aversion, probability
weighting is another major component of prospect theory, which is a form of subjective
probabilities. Suppose that there are S states in the world. Denote by w, the outcome in
state s and p, the associated physical probability satisfying > ps = 1. Under cumulative
prospect theory (Tversky and Kahneman, 1992), the S outcomes are first sorted in ascending
order{]

Wy < Woppyr < -+ < W_y < Wy =0 < Wy < -+ - < Wy, (B.1)

2"In a portfolio choice context, if the portfolio outcomes in two states are equal, they should be merged

into one state.

61



where w_,,,--- ,w_q are losses, and w1, - - - , W, are gains relative to the reference point. With
a reference point 0, the losses/gains equal Wy = w; — 0, where w; is the level of wealth in
state s. Then the decision weights 7, for losses and gains are separately determined by the

cumulative probability weighting functions QF:

W—i:Q_pfm"‘"“i‘pfi _Q_pfm_k"'—i_pfif ) _i:_m7"'7_17
( ) ( 1) (B2)
= QN pi+ -+ pa) = QT (pja + o+ pa), Jg=1--,n
Tversky and Kahneman (1992) propose weighting functions of the form:
p
OF(P) = (B.3)

[P 4 (1 — P)s* )
These functions tend to inflate the probabilities for both tails. The decision weights in f
(B.3]) may not sum up to 1. In this paper, we further assume ) 7, = 1 that allows us to
interpret 7y as subjective probability. As a result, the expectation E[-] in the optimization
problem is taken under the investor’s subjective probabilities .

In the decision problems studied in Tversky and Kahneman (1992), the set of outcomes
is predetermined. As a result, the decision weights are determined prior to decision making.
However, in portfolio choice problems as we studied, the outcomes depend on investor’s
decisions, which depends on the decision weights. As a result, portfolio choice under prospect
theory is a fixed-point problem.

Prior to studying the optimal portfolio choice problem, we discuss an implication of our
previous results under loss aversion for the decision weight. In a portfolio choice problem, the
decision weight for the status quo (@) = 0) as defined in is endogenously determined.
In fact, Proposition [3] and Proposition [0 show that the case of (= w — ) = 0 occurs if and
only if § = wyr, independent of probabilities. In this case, the investor holds only the riskless
asset, and there is only one (deterministic) outcome w = 6, implying that 7y = 1 is en-
dogenously determined. This differs from the original decision problems with predetermined
outcomes studied in Tversky and Kahneman (1992), where all decision weights, including

the weight for outcome (g, are predetermined by the probability weighting functions (B.2).

Lemma 5. In a portfolio choice problem, the decision weight my for the outcome W) = 0 is

endogenously determined and equals my = 1.
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Lemma |5 implies that in portfolio choice, if one state has non-zero outcome () # 0),
then the outcomes in all states are not zero. Lemma [5] further implies that a pre-specified m,

in a portfolio choice/asset pricing problem may lead to inconsistency.

B.2 Optimal Portfolio Choice

Under prospect theory, the optimal portfolio choice is a fixed-point problem. We solve this
problem in two steps. First, given a fixed ordering of outcomes (portfolio values across
states), our results in Sections can be used, leading to the optimal portfolios conditional
on this ordering. In the second step, we can derive the optimal portfolios by maximizing the
expected utility across all orderings.

To elaborate the effects of probability weighting on the optimal choice, we consider a
binomial model. Section [3] shows that there can be five different orderings of outcomes:

)
a) wg <0 <wy;

b) wy, <0 < wg;

d) 0 <w, <wg

e) w, =wg="~0,

(
(
(¢) 0 <wy < wy; (B.4)
(
L(

and each leads to a different set of decision weights. Denote by 7 and 7Tc(lo) the decision

weights for states u and d, respectively, in ordering (o), where o = a,--- ,e. We further

r—d

0, and
my (u—d)r

denote the pricing kernel in this ordering by &(LO) and fc(lo), which satisfy {}50) =

§a= o
ﬂ'éo) (u—d)r ’

B.2.1 Existence of Optimal Solutions

Under probability weighting, a necessary condition for the existence of optimal solutions is
that there exist (local) optimal solutions conditional on every ordering. Lemma |l|in Section
further shows that to derive the asymptotic behavior, we only need to consider orderings
(a) and (b), under which the EU may approach positive infinity, since the EU always has a
finite upper bound under the other orderings (¢)—(e). As a result, Proposition [2| leads to the

following results on the solution existence conditions.
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Proposition 12. The optimal portfolio choice problem under prospect theory has no internal

solution if A < AP, where

MONS (@)1 Wc(za) N OIS C RO G(Ib) 1y ﬂ_éb) v ED 1y
v =maxy (T5) () (C) Ca) - Ga) C) - C) Ca) -
Td Eu Tu &4 Td u T d

(B.5)

By comparing with the lower bound in the case without probability weighting , we
have AP" > A. Here the superscript “pw” stands for “probability weighting”. It shows that
the probability weighting tends to lead to a stricter lower bound for A, since AP" should be
the maximum of A across all orderings.

Furthermore, under probability weighting, there may not exist optimal solution even if
A > APY as shown shortly in Example [3] In contrast, A > A is a sufficient condition for the
existence of internal solutions without probability weighting (Proposition . These results

thus show probability weighting intensifies the conditions for the existence of solutions.

Corollary 9. Probability weighting tends to lead to stricter conditions for the existence of

optimal solutions.

B.2.2 Optimal Solutions

In the following analyses, we suppose A > A" and study the properties of the solutions.
First, we consider § < wyr. In this case, only orderings (¢) and (d) can occur as shown

()
wd are

in Proposition . Conditioning on an ordering ((c) or (d)), the decision weights 7
determined by the weighting functions (B.2), and then we can solve for the optimal solutions.
Denote by wi‘g the optimal wealth conditioning on ordering (0). Proposition |3| shows that

this conditional optimal wealth is given by:

L o oy1-217t o)\—1
wl?) =0 = (wo —170) |7 (€)' + 7P (el) ] (€),
for o=c¢,d. (B.6)

o - o)\1-1 o 0o)\1—1 -1 0)\—+
w =0 = (wo = r710) [£(€l) 7 + 2P 3] €l
and the conditional subjective expected utility is given by
(wo —r~10)7
L=~

The unconditionally optimal solution is obtained by comparing the conditional KU across

EUY =

(e () + () A (B.7)

the orderings. The optimal wealth is summarized in the following proposition.@

(c (d) (d)

28The case with w,(f) < wy ) and wy~ > w, cannot occur in Proposition In fact, the decision weights
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Proposition 13. Suppose that A > APY and 6 < wqr.

1. Whenw(® > wéc and vl < wd , the value function is given by J = max{EU®), U@},

and the optimal wealth is given by with the ordering that leads to the higher EU .

2. When vl > wé) and wi? > wd ,H the value function is J = EU9, and the optimal

wealth is given by w;, = wf) and w) = w(c).

()

3. When w < w( and w”

< wd . the value function is J = EUY | and the optimal

wealth is given by w; = wgd) and w) = w((id).

The following example further illustrates Case 1 in Proposition [13|

Example 2. Suppose that A =2, v =05,0=1, wo=1,r = 1.1, u = 1.65, d = 0.65,
p=0.45, and 6+ = 0.61]7

Because 6 < wor, orderings (c¢) and (d) can happen. If ordering (c¢) applies, it follows
from (B.3) that the decision weights are m,’ = 0.553 and 71'((;) = 0.447. The optimal holding
is 9 = 0.08, and the subjective expected utility is EU©) = 0.65. In this case, the optimal
wealth is w = 1.14 and w((f) = 1.06, satz’sfymg 0 < w((f) < wq(f), i.e., ordering (c). If
ordering (d) applzes the decision weights are 7ru = 0.447 and 7Td = 0.553. In this case,
24 = —0.003, EUY = 0.63, wi® =1, 098, w( )= 1. 101, satisfying 6 < wi? < wc(ld).

The subjective expected utility in ordering (c) is higher than that in (d); thus, v* = z(

and J = EU©

Two observations follow from Example[2] First, the asset exhibits positive skewness under
the physical measure since p < 0.5. Probability weighting inflates the probabilities for the
right tail (state u). As a result, the investor overestimates the stock expected return, holding
more stocks in her portfolio. This result is consistent with the results of Barberis and Huang

(2008) that prospect theory investors prefer lottery-like assets.

) (e)

< p < 7y . In this case, the subjective risk premium in ordering (c)

((f) and w,(fl) > w&d)

in orderings (¢) and (d) satisfy il

is higher than that in ordering (d). However, the case with w(c) implies that the

subjective risk premium is negative in ordering (c¢) and is positive in ordering (d).
29Tn this case, ordering (d) cannot occur, which requires w, < wy.
30In this example with § < wor, decision weights are determined by weighting function QT (P) =
Pt

PP independent of the coefficient d—, since all outcomes are positive.
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Second, without probability weighting, the physical risk premium of the stock is zero,
and the optimal holdings of the stock are zero x* = 0 as shown in Proposition 3| However,
with probability weighting, conditional on either longing or shorting the stock, there is an
optimal solution, which “confirms” the investor’s initial choice in the first step.

Proposition [13| Case 2 tends to occur when the asset return has high skewness. In this
case, the investor overestimates the right tail (state u) probability, leading to higher holdings
of stocks. In contrast, Proposition Case 3 tends to occur when the asset return is more
negatively skewed. These results again show that probability weighting cause investors to
prefer assets with positive skewness and dislike assets with negative skewness.

It follows from Proposition |[13| that when the optimal solution exists, the value function
tends to be higher than the case without probability weighting since probability weighting
allows the investor to compare different orderings of portfolio values when making the optimal
choice. In addition, Corollaries in Section |3 still hold true under probability weighting.

Next, we consider the case § = wqyr. Proposition 3| shows that the investor holds only the
riskless asset when 6 = wor. In this case, there is only 1 outcome: w(® = 6, i.e., ordering
(e). Then the decision weight is 7() = 1, and the results on the optimal portfolios and value

function are the same as the case without probability weighting.

Proposition 14. Suppose that A > A" and 0 = wor. Under prospect theory preferences,
the optimal stock holdings are x* = 0, the optimal wealth is given by w,q = 0, and the value

function is J = 0.

Finally, we can also derive the optimal wealth for the case 6 > wgr following the same
discussions.ﬂ We discuss an example in this case that shows that A > APY is not sufficient

to guarantee the existence of optimal solutions.

Example 3. Suppose that 6 > wor, A =2, v =05, r=11,u=12,d =1, p = 0.5,
0t = 0.61, and 6~ = 0.5. In this case, orderings (a) and (b) can happen. If ordering (a)

applies, the decision weights are m(f) = 0.46 and 7Tc(lc) = 0.54. In this case, the optimal wealth

satisfies wl® < g < wéa), which is inconsistent with ordering (a). Thus, this ordering cannot

occur. If ordering (b) applies, P = 0.54 and 7?5’) = 0.46. In this case, w((ib) <0< w&b),

which is inconsistent with ordering (b). Thus, this ordering cannot occur either.

31In this case, there will be eight different situations. Results are available upon request.
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Therefore, the fixed point problem of optimal choice has no solution even if A > APY.
However, under the parameters but without probability weighting, the optimal choice has

solutions.
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